homological algebra

homological algebra is a branch of mathematics that explores the relationships between algebraic
structures through the lens of homology. It serves as a powerful tool for understanding various
mathematical concepts, particularly in algebra, topology, and geometry. By utilizing chain complexes
and derived functors, homological algebra provides insights into the behavior of modules, sheaves,
and other algebraic entities. This article will delve into the foundations of homological algebra, its
key concepts, applications, and the significance of derived categories. Additionally, we will explore
important tools and techniques used in this field, including Ext and Tor functors, projective and
injective modules, and spectral sequences.
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Introduction to Homological Algebra

Homological algebra emerged in the early 20th century as mathematicians sought to generalize the
notions of algebraic topology into more abstract settings. It focuses on the study of homology and
cohomology theories, providing tools to analyze algebraic structures through exact sequences and
derived functors. This area of mathematics is pivotal in modern theoretical developments, bridging
gaps between various disciplines such as algebraic geometry, representation theory, and number
theory.

The fundamental objects of study in homological algebra are chain complexes, which are sequences
of abelian groups or modules connected by homomorphisms. Understanding the properties of these
complexes allows mathematicians to derive meaningful information about the structures they
represent. The core principles of homological algebra often involve the use of exact sequences,
which reveal important features of modules, such as their projective or injective nature.



Key Concepts in Homological Algebra

To grasp the essence of homological algebra, it is crucial to understand several key concepts that
underpin this field. These include chain complexes, exact sequences, and various types of modules.

Chain Complexes

A chain complex is a sequence of abelian groups (or modules) connected by boundary
homomorphisms, where the composition of two consecutive homomorphisms is zero. Formally, a
chain complex \( C_\) can be expressed as:

\( \cdots \rightarrow C n \xrightarrow{\partial n} C {n-1} \rightarrow \cdots \)

In this setup, each \( C n)) is a group or module, and the maps \( \partial n ) are called boundary
operators. The fundamental idea is that the image of one boundary operator is contained in the
kernel of the next.

Exact Sequences

Exact sequences are sequences of abelian groups where the image of one morphism matches the
kernel of the next. They are pivotal in homological algebra, allowing one to study the relationships
between different algebraic structures. An exact sequence can be written as:

\( 0 \rightarrow A \rightarrow B \rightarrow C \rightarrow 0 )

Here, the sequence is exact if the image of the morphism \( A \rightarrow B \) equals the kernel of
the morphism \( B \rightarrow C \).

Types of Modules

In homological algebra, modules are classified into various types based on their properties
concerning exact sequences:

¢ Projective Modules: These satisfy the lifting property with respect to surjective morphisms,
making them essential for constructing free resolutions.

 Injective Modules: These have the property of lifting morphisms from submodules, useful in
defining derived functors.

e Flat Modules: A module is flat if the tensor product with it preserves the exactness of
sequences.



Applications of Homological Algebra

Homological algebra plays a vital role in various areas of mathematics, providing tools that are
applicable in numerous contexts. Its applications span across algebraic topology, algebraic
geometry, and representation theory, among others.

Algebraic Topology

In algebraic topology, homological algebra is used to compute homology and cohomology groups,
which classify topological spaces. The use of chain complexes allows for the systematic study of
topological properties through algebraic means.

Algebraic Geometry

In algebraic geometry, the sheaf cohomology is analyzed through homological techniques, enabling
mathematicians to understand the properties of algebraic varieties. Derived categories play a crucial
role in this context, providing a framework for studying coherent sheaves and their relationships.

Representation Theory

Homological algebra aids in the study of representations of groups and algebras. The Ext and Tor
functors facilitate the understanding of module categories, assisting in classifying representations
up to isomorphism.

Derived Categories in Homological Algebra

Derived categories provide a modern framework for homological algebra, allowing for a more
flexible approach to studying complexes. They enable mathematicians to work with complexes up to
quasi-isomorphism, simplifying many arguments in homological contexts.

Construction of Derived Categories

A derived category can be constructed from the category of chain complexes by formally inverting
quasi-isomorphisms. This process leads to a category where morphisms reflect the homological
information contained within the complexes.

Applications of Derived Categories

Derived categories are particularly useful in the context of triangulated categories, where they
provide a setting for the study of stable homotopy theory and the formulation of advanced concepts
like t-structures and cohomological dimensions.



Ext and Tor Functors

The Ext and Tor functors are two of the most significant tools in homological algebra, providing
insights into the relationships between modules.

Ext Functor

The Ext functor, denoted Ext(A, B), measures the extent to which a module A fails to be projective in
the category of B-modules. It can be computed using projective resolutions and captures important
homological properties of modules.

Tor Functor

The Tor functor, denoted Tor(A, B), measures the extent to which a module A fails to be flat over B.
It is computed using flat resolutions and is crucial in various applications, including the study of
derived functors.

Projective and Injective Modules

Understanding projective and injective modules is fundamental to homological algebra. These
modules serve as building blocks for constructing resolutions and analyzing homological dimensions.

Projective Modules

Projective modules are direct summands of free modules. They possess the property that every
surjective homomorphism onto them splits, making them essential in the construction of projective
resolutions.

Injective Modules

Injective modules are defined by their ability to lift morphisms from submodules. They play a crucial
role in defining the Ext functor and are vital in various applications across different branches of
mathematics.

Conclusion

Homological algebra is a rich and vibrant field that has profound implications across numerous
areas of mathematics. By providing tools to study algebraic structures through the lens of homology,
it has equipped researchers with the means to tackle complex problems in algebra, topology, and
geometry. The interplay between chain complexes, derived categories, and various functors such as
Ext and Tor highlights the versatility and power of homological algebra. As research continues to
advance, the significance of this branch of mathematics will only grow, paving the way for new



discoveries and insights.

FAQs

Q: What is the main goal of homological algebra?

A: The main goal of homological algebra is to study algebraic structures through the use of
homology and cohomology theories, particularly focusing on the relationships between modules and
the properties of exact sequences.

Q: How do chain complexes relate to homological algebra?

A: Chain complexes are foundational objects in homological algebra, consisting of sequences of
modules connected by homomorphisms. They allow mathematicians to derive important information
about the modules they represent.

Q: What are the Ext and Tor functors used for?

A: The Ext functor measures the failure of a module to be projective, while the Tor functor measures
the failure of a module to be flat. Both are essential in understanding the relationships between
modules and their homological properties.

Q: How is derived category theory connected to homological
algebra?

A: Derived category theory provides a modern framework for homological algebra, enabling the
study of chain complexes up to quasi-isomorphism and facilitating the analysis of homological
properties in a more flexible manner.

Q: What are projective and injective modules?

A: Projective modules are direct summands of free modules with specific lifting properties regarding
surjective homomorphisms, while injective modules can lift morphisms from submodules, playing
crucial roles in the construction of resolutions.

Q: Can homological algebra be applied in other fields of
mathematics?

A: Yes, homological algebra finds applications in various fields, including algebraic topology,
algebraic geometry, and representation theory, providing tools to analyze and classify algebraic



structures.

Q: Why are exact sequences important in homological
algebra?

A: Exact sequences are crucial in homological algebra as they reveal relationships between different
modules, allowing mathematicians to extract significant information about their structure and
properties.

Q: What is the significance of projective resolutions?

A: Projective resolutions are significant in homological algebra as they provide a means to compute
the Ext functor and analyze the properties of modules, helping to classify them up to isomorphism.

Q: How does homological algebra intersect with algebraic
geometry?

A: Homological algebra intersects with algebraic geometry through the study of sheaf cohomology,
providing algebraic tools to understand the properties of algebraic varieties and their coherent
sheaves.

Q: What role does homological algebra play in representation
theory?

A: In representation theory, homological algebra aids in the classification of representations of
groups and algebras, utilizing Ext and Tor functors to study module categories and their homological
dimensions.
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