PROJECTION LINEAR ALGEBRA

PROJECTION LINEAR ALGEBRA IS A FUNDAMENTAL CONCEPT THAT PLAYS A CRUCIAL ROLE IN VARIOUS FIELDS SUCH AS COMPUTER
SCIENCE, PHYSICS, AND DATA ANALYSIS. |T INVOLVES THE STUDY OF HOW VECTORS CAN BE REPRESENTED WITHIN A SPECIFIC
SUBSPACE AND HOW THEY INTERACT WITH LINEAR TRANSFORMATIONS. THIS ARTICLE WILL DELVE DEEP INTO THE PRINCIPLES OF
PROJECTION IN LINEAR ALGEBRA, EXPLORING TOPICS SUCH AS VECTOR PROJECTIONS, ORTHOGONAL PROJECTIONS, AND
APPLICATIONS IN REAL-WORLD SCENARIOS. ADDITIONALLY, WE WILL COVER THE MATHEMATICAL FOUNDATIONS OF THESE
CONCEPTS, THE SIGNIFICANCE OF INNER PRODUCTS, AND HOW PROJECTIONS CAN BE UTILIZED IN MACHINE LEARNING AND COMPUTER
GRAPHICS. BY THE END OF THIS ARTICLE, READERS WILL GAIN A COMPREHENSIVE UNDERSTANDING OF PROJECTION LINEAR ALGEBRA
AND ITS IMPLICATIONS IN DIFFERENT DOMAINS.
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UNDERSTANDING VECTORS AND SUBSPACES

ToO GRASP THE CONCEPT OF PROJECTION LINEAR ALGEBRA, IT IS IMPERATIVE TO FIRST UNDERSTAND VECTORS AND SUBSPACES.
VECTORS ARE MATHEMATICAL ENTITIES THAT HAVE BOTH MAGNITUDE AND DIRECTION, OFTEN REPRESENTED IN A COORDINATE
SYSTEM. SUBSPACES, ON THE OTHER HAND, ARE SUBSETS OF VECTOR SPACES THAT THEMSELVES SATISFY THE CRITERIA OF A
VECTOR SPACE, INCLUDING CLOSURE UNDER ADDITION AND SCALAR MULTIPLICATION.

VECTOR SPACES

A VECTOR SPACE CONSISTS OF A COLLECTION OF VECTORS THAT CAN BE ADDED TOGETHER AND MULTIPLIED BY SCALARS. THE
FUNDAMENTAL PROPERTIES OF VECTOR SPACES INCLUDE:

o CLOSURE UNDER ADDITION: [F U AND V ARE VECTORS IN THE SPACE, THEN U + V IS ALSO IN THE SPACE.

e CLOSURE UNDER SCALAR MULTIPLICATION: IF C IS A SCALAR AND V IS A VECTOR IN THE SPACE, THEN CV IS ALSO IN THE
SPACE.

® EXISTENCE OF A ZERO VECTOR: THERE EXISTS A VECTOR O SUCH THAT Vv + 0 = V FOR ANY VECTOR V IN THE SPACE.
® EXISTENCE OF ADDITIVE INVERSES: FOR EVERY VECTOR V, THERE EXISTS A VECTOR -V SUCH THAT V + (‘V) =0.

THESE PROPERTIES ESTABLISH THE FRAMEWORK FOR UNDERSTANDING HOW VECTORS CAN BE MANIPULATED AND PROJECTED
WITHIN DIFFERENT SUBSPACES.



SUBSPACES

A SUBSPACE OF A VECTOR SPACE IS A SET OF VECTORS THAT ITSELF FORMS A VECTOR SPACE UNDER THE SAME OPERATIONS
OF ADDITION AND SCALAR MULTIPLICATION. COMMON EXAMPLES OF SUBSPACES INCLUDE LINES AND PLANES THAT PASS
THROUGH THE ORIGIN IN THREE-DIMENSIONAL SPACE. UNDERSTANDING SUBSPACES IS ESSENTIAL FOR COMPREHENDING PROJECTION,
AS PROJECTIONS OFTEN INVOLVE IDENTIFYING HOW A VECTOR RELATES TO A PARTICULAR SUBSPACE.

VECTOR PROJECTIONS

VECTOR PROJECTIONS ARE A KEY CONCEPT IN PROJECTION LINEAR ALGEBRA. THE PROJECTION OF ONE VECTOR ONTO ANOTHER
HELPS DETERMINE HOW MUCH OF ONE VECTOR LIES IN THE DIRECTION OF ANOTHER VECTOR. THIS IS PARTICULARLY USEFUL IN
VARIOUS APPLICATIONS, INCLUDING PHYSICS AND ENGINEERING.

DeriNITION OF VECTOR PROJECTION

THE PROJECTION OF A VECTOR A ONTO ANOTHER VECTOR B IS DEFINED MATHEMATICALLY AS:

pro)(A) = ((a-8) / (BI) ) e

WHERE A * B IS THE DOT PRODUCT OF VECTORS A AND B, AND ”B” IS THE MAGNITUDE OF VECTOR B. THIS FORMULA PROVIDES A
WAY TO EXPRESS THE COMPONENT OF VECTOR A THAT LIES IN THE DIRECTION OF VECTOR B.

GEOMETRIC INTERPRETATION

GEOMETRICALLY, THE PROJECTION CAN BE VISUALIZED AS DROPPING A PERPENDICULAR FROM THE TIP OF VECTOR A TO THE LINE
DEFINED BY VECTOR B. THIS PERPENDICULAR INTERSECTION INDICATES THE VECTOR PROJECTION, EFFECTIVELY REPRESENTING THE
INFLUENCE OF VECTOR B ON VECTOR A.

ORTHOGONAL PROJECTIONS
ORTHOGONAL PROJECTIONS ARE A SPECIFIC TYPE OF VECTOR PROJECTION WHERE THE PROJECTED VECTOR IS PERPENDICULAR TO

THE SUBSPACE ONTO WHICH IT IS PROJECTED. THIS CONCEPT IS FUNDAMENTAL IN MANY AREAS OF MATHEMATICS AND APPLIED
SCIENCES.

DerFINITION oF ORTHOGONAL PROJECTION

THE ORTHOGONAL PROJECTION OF A VECTOR A ONTO A SUBSPACE DEFINED BY AN ORTHONORMAL BASIS CAN BE EXPRESSED AS:
PrOJ,(A) =T ( (A" U) U) FOR ALL BASIS VECTORS U, IN U

THIS FORMULA INDICATES THAT THE ORTHOGONAL PROJECTION IS THE SUM OF THE PROJECTIONS OF A ONTO EACH VECTOR IN
THE ORTHONORMAL BASIS OF THE SUBSPACE U.

ProOPERTIES OF ORTHOGONAL PROJECTIONS

ORTHOGONAL PROJECTIONS POSSESS SEVERAL IMPORTANT PROPERTIES:
e IDEMPOTENT: PROJ,(PROJ(A)) = PROJ (A).

o LINEARITY: PROJ (CA + DB) = cProJ,(A) + DPROJ (B).



® MINIMIZATION: THE ORTHOGONAL PROJECTION MINIMIZES THE DISTANCE BETWEEN THE ORIGINAL VECTOR AND THE
SUBSPACE.

MATHEMATICAL FOUNDATIONS

THE MATHEMATICAL PRINCIPLES UNDERLYING PROJECTION LINEAR ALGEBRA ARE ROOTED IN LINEAR TRANSFORMATIONS AND INNER
PRODUCTS. UNDERSTANDING THESE FOUNDATIONS IS CRUCIAL FOR APPLYING PROJECTIONS EFFECTIVELY.

INNER PRODUCTS

THE INNER PRODUCT IS A GENERALIZATION OF THE DOT PRODUCT THAT PROVIDES A WAY TO MEASURE ANGLES AND LENGTHS IN
VECTOR SPACES. FOR TWO VECTORS A AND B, THE INNER PRODUCT IS DEFINED AS:

(A, ) =l llgll cos(e)

THIS FORMULATION ALLOWS FOR THE ASSESSMENT OF ORTHOGONALITY, TWO VECTORS ARE ORTHOGONAL IF THEIR INNER
PRODUCT IS ZERO.

LINEAR TRANSFORMATIONS

LINEAR TRANSFORMATIONS ARE FUNCTIONS THAT MAP VECTORS FROM ONE VECTOR SPACE TO ANOTHER WHILE PRESERVING
VECTOR ADDITION AND SCALAR MULTIPLICATION. PROJECTIONS CAN BE VIEWED AS A SPECIFIC TYPE OF LINEAR
TRANSFORMATION THAT MAPS VECTORS ONTO SUBSPACES. UNDERSTANDING THESE TRANSFORMATIONS AIDS IN GRASPING HOW
PROJECTIONS OPERATE WITHIN LARGER MATHEMATICAL CONTEXTS.

APPLICATIONS OF PROJECTIONS

PROJECTION LINEAR ALGEBRA HAS NUMEROUS APPLICATIONS ACROSS VARIOUS DISCIPLINES. THESE APPLICATIONS HIGHLIGHT THE
IMPORTANCE OF PROJECTION TECHNIQUES IN SOLVING REAL-\WORLD PROBLEMS.

MACHINE LEARNING

IN MACHINE LEARNING, PROJECTIONS ARE UTILIZED IN DIMENSIONALITY REDUCTION TECHNIQUES SUCH AS PRINCIPAL COMPONENT
ANALYSIS (PCA). PCA PROJECTS HIGH-DIMENSIONAL DATA ONTO A LOWER-DIMENSIONAL SUBSPACE, PRESERVING AS MUCH
VARIANCE AS POSSIBLE. THIS IS CRUCIAL FOR SIMPLIFYING MODELS AND IMPROVING COMPUTATIONAL EFFICIENCY.

CoMPUTER GRAPHICS

IN COMPUTER GRAPHICS, PROJECTION TECHNIQUES ARE EMPLOYED TO RENDER THREE-DIMENSIONAL OBJECTS ONTO TWO-
DIMENSIONAL SCREENS. THIS INVOLVES PROJECTING POINTS IN 3D SPACE ONTO A 2D PLANE, ALLOWING FOR REALISTIC
REPRESENTATIONS OF DEPTH AND PERSPECTIVE.

PHYSICS AND ENGINEERING

PROJECTIONS ARE ALSO IMPORTANT IN PHYSICS AND ENGINEERING FOR ANALYZING FORCES AND MOTION. FOR INSTANCE, THE
PROJECTION OF A FORCE VECTOR ONTO A PLANE CAN HELP DETERMINE THE EFFECTIVE COMPONENT OF THAT FORCE ACTING IN A
PARTICULAR DIRECTION.



CoNcCLUSION

UNDERST ANDING PROJECTION LINEAR ALGEBRA PROVIDES ESSENTIAL INSIGHTS INTO HOW VECTORS INTERACT WITHIN VECTOR
SPACES AND SUBSPACES. THE CONCEPTS OF VECTOR PROJECTIONS AND ORTHOGONAL PROJECTIONS ARE FOUNDATIONAL TO

MANY APPLICATIONS IN SCIENCE, ENGINEERING, AND DATA ANALYSIS. BY MASTERING THESE PRINCIPLES, ONE CAN EFFECTIVELY
APPLY THEM IN VARIOUS CONTEXTS, FROM THEORETICAL MATHEMATICS TO PRACTICAL APPLICATIONS IN TECHNOLOGY AND

RESEARCH.

Q: WHAT IS THE DIFFERENCE BETWEEN VECTOR PROJECTION AND ORTHOGONAL
PROJECTION?

A: VECTOR PROJECTION REFERS TO THE PROJECTION OF ONE VECTOR ONTO ANOTHER, WHILE ORTHOGONAL PROJECTION
SPECIFICALLY REFERS TO PROJECTING A VECTOR ONTO A SUBSPACE SUCH THAT THE RESULT IS PERPENDICULAR TO THAT
SUBSPACE. ORTHOGONAL PROJECTION MINIMIZES THE DISTANCE BETWEEN THE ORIGINAL VECTOR AND THE SUBSPACE.

Q: How IS THE PROJECTION OF A VECTOR CALCULATED?

A: THE PROJECTION OF A VECTOR A ONTO ANOTHER VECTOR B IS CALCULATED USING THE FORMULA PROJ,(A) = ( (A - 8) /
(IlBlI") ) B, WHERE A * B IS THE DOT PRODUCT OF THE TWO VECTORS, AND 8]l IS THE MAGNITUDE OF VECTOR B.

Q: IN WHAT APPLICATIONS IS PROJECTION LINEAR ALGEBRA COMMONLY USED?

A: PROJECTION LINEAR ALGEBRA IS COMMONLY USED IN MACHINE LEARNING FOR DIMENSIONALITY REDUCTION (E.G./ PCA), IN
COMPUTER GRAPHICS FOR RENDERING 3D OBJECTS ONTO 2D SCREENS, AND IN PHYSICS AND ENGINEERING TO ANALYZE FORCES AND
MOTION.

Q: \WHAT ARE THE PROPERTIES OF ORTHOGONAL PROJECTIONS?

A: THE PROPERTIES OF ORTHOGONAL PROJECTIONS INCLUDE BEING IDEMPOTENT (APPLYING THE PROJECTION TWICE YIELDS THE
SAME RESULT), LINEARITY (THE PROJECTION OF A LINEAR COMBINATION OF VECTORS IS THE SAME AS THE LINEAR COMBINATION
OF THEIR PROJECTIONS)I AND MINIMIZATION (THE ORTHOGONAL PROJECTION MINIMIZES THE DISTANCE BETWEEN THE ORIGINAL
VECTOR AND THE SUBSPACE).

QI How DO INNER PRODUCTS RELATE TO PROJECTIONS?

A INNER PRODUCTS PROVIDE A WAY TO MEASURE ANGLES AND LENGTHS IN VECTOR SPACES, WHICH IS ESSENTIAL FOR
DETERMINING ORTHOGONALITY. THEY ARE USED IN THE FORMULAS FOR CALCULATING BOTH VECTOR AND ORTHOGONAL
PROJECTIONS, AS THEY HELP ESTABLISH THE RELATIONSHIP BETWEEN VECTORS AND THEIR PROJECTIONS.

Q: WHAT IS THE SIGNIFICANCE OF SUBSPACES IN PROJECTION LINEAR ALGEBRA?

A: SUBSPACES ARE SIGNIFICANT IN PROJECTION LINEAR ALGEBRA BECAUSE PROJECTIONS OFTEN INVOLVE DETERMINING HOW
VECTORS RELATE TO THESE SUBSPACES. UNDERSTANDING SUBSPACES HELPS IN VISUALIZING AND COMPUTING PROJECTIONS,
PARTICULARLY IN HIGHER DIMENSIONS.
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