example of fundamental theorem of
calculus

example of fundamental theorem of calculus serves as a pivotal concept in the
field of mathematics, bridging the gap between differentiation and
integration. This theorem not only provides a method for evaluating definite
integrals but also illustrates the profound relationship between two primary
branches of calculus. In this article, we will delve into the fundamental
theorem of calculus, explore its significance, illustrate it with practical
examples, and discuss its applications in various fields. By the end of this
comprehensive guide, readers will gain a deeper understanding of how this
theorem functions and its relevance in solving real-world problems.
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Understanding the Fundamental Theorem of
Calculus

The fundamental theorem of calculus is a two-part theorem that connects the
concepts of differentiation and integration, which are the two main
operations in calculus. This theorem is crucial because it allows us to
evaluate the area under a curve using antiderivatives, simplifying the
process of finding definite integrals. The theorem can be broken down into
two main parts: the first part establishes the relationship between
differentiation and integration, while the second part provides a method for
computing definite integrals using antiderivatives.

The first part of the theorem states that if a function is continuous on a
closed interval, then the function has an antiderivative on that interval.
The second part states that if you have an antiderivative of a function, you



can calculate the definite integral of that function over an interval using
its antiderivative. This remarkable connection makes the fundamental theorem
of calculus one of the cornerstones of mathematical analysis.

Statement of the Theorem

The fundamental theorem of calculus can be formally stated as follows:

Part 1: The Connection Between Differentiation and
Integration

If \( f \) is a continuous real-valued function defined on the interval \([a,
bI\), then the function \( F \) defined by

\( F(x) = \int _a™x f(t) dt \) for \( x \) in \([a, b]\)

is continuous on \([a, b]\), differentiable on the open interval \((a, b)\),
and

\( F'(x) = f(x) \) for all \( x \) in \((a, b)\).

Part 2: Evaluating Definite Integrals

If \( f \) is a continuous real-valued function on \([a, b]\) and \( F \) is
an antiderivative of \( f \) on \([a, b]\), then

\( \int_a”b f(x) dx = F(b) - F(a) \).

This means that to find the definite integral of a function over an interval,
you can simply evaluate its antiderivative at the endpoints of the interval
and subtract.

Proof of the Fundamental Theorem of Calculus

The proof of the fundamental theorem of calculus involves the Mean Value
Theorem and the properties of limits. Below is a sketch of the proof:

e Assume \( f \) 1is continuous on \([a, b]\).



e Define the function \( F(x) = \int a”x f(t) dt \).

e Using the definition of the derivative, \( F'(x) \) can be shown to
equal \( f(x) \) based on the limit definition.

e For the second part, if \( F \) is an antiderivative of \( f \), then by
the definition of the definite integral, \( \int a”b f(x) dx = F(b) -
F(a) \).

This proof illustrates why the fundamental theorem of calculus is valid and
highlights the importance of continuity in establishing the relationship
between integration and differentiation.

Examples Illustrating the Theorem

To grasp the fundamental theorem of calculus effectively, it is beneficial to
explore specific examples that illustrate its application. Below are two
examples that demonstrate how to apply the theorem in practice:

Example 1: Finding a Definite Integral

Consider the function \( f(x) = 3x™2 \). We want to evaluate the definite
integral from \( x =1 \) to \( x =3 \):

\( \int 173 3x°2 dx \).
First, we find the antiderivative \( F(x) \):

\( F(x) = x"3 + C\).

Now, applying the fundamental theorem of calculus, we calculate:
\( F(3) - F(1) = (373) - (173) =27 - 1 =26 \).

Thus, the definite integral \( \int 173 3x72 dx = 26 \).

Example 2: Area Under a Curve

Let’s consider the function \ = \sin(x) \) and find the area under the
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curve from \( x = 0 \) to \( x =

X o~



\( \int 0™\pi \sin(x) dx \).

The antiderivative of \( \sin(x) \) is \( -\cos(x) \). Therefore, we
evaluate:

\( -\cos(x) \) from \( 0 \) to \( \pi \):
\( -\cos(\pi) - (-\cos(0)) = -(-1) - (-1) =1+ 1=2)\).

Hence, the area under the curve \( f(x) = \sin(x) \) from \( 0 \) to \( \pi
\) is \( 2 \).

Applications of the Fundamental Theorem of
Calculus

The fundamental theorem of calculus has numerous applications across
different fields, including physics, engineering, and economics. Some key
applications include:

Physics: Used to calculate displacement, velocity, and acceleration by
relating these quantities through integral calculus.

Economics: Employed to determine consumer and producer surplus, which
involves calculating areas under curves representing supply and demand.

Engineering: Applied in the analysis of systems and structures,
particularly in areas involving area and volume calculations.

Statistics: Utilizes integrals for determining probabilities and
expected values in continuous distributions.

These applications highlight the theorem’s versatility and its role in
solving real-world problems through calculus.

Common Misconceptions

While the fundamental theorem of calculus is a foundational concept, there
are several common misconceptions that can arise:



e Misunderstanding the Relationship: Some students may confuse
differentiation and integration, thinking they are completely separate
operations when they are inherently connected.

e Continuity Requirement: A common misconception is that the theorem
applies to all functions. It only applies to continuous functions, as
discontinuities can lead to incorrect results.

e Antiderivatives Uniqueness: Students may think that antiderivatives are
unique; however, they differ by a constant, which is critical in
definite integrals.

Addressing these misconceptions is essential for a solid understanding of
calculus and its applications.

Conclusion

The fundamental theorem of calculus is a cornerstone of mathematical
analysis, linking the processes of differentiation and integration in a
profound way. By understanding the statement, proof, and application of this
theorem, one can appreciate its significance in mathematics and its utility
in various fields. Through practical examples and clear explanations, we see
how this theorem allows us to evaluate definite integrals efficiently and
illustrates the interconnectedness of calculus concepts. Mastering the
fundamental theorem of calculus not only enhances mathematical comprehension
but also opens doors to advanced applications in science and engineering.

Q: What is the fundamental theorem of calculus?

A: The fundamental theorem of calculus connects differentiation and
integration, stating that if a function is continuous on a closed interval,
then it has an antiderivative, and the definite integral can be evaluated
using this antiderivative.

Q: How does the fundamental theorem of calculus
relate to real-world applications?

A: The theorem is extensively used in various fields such as physics for
calculating displacement, in economics for determining consumer surplus, and
in engineering for analyzing systems, highlighting its applicability in
solving real-world problems.



Q: Can the fundamental theorem of calculus be
applied to discontinuous functions?

A: No, the fundamental theorem of calculus specifically requires the function
to be continuous on the closed interval to ensure the validity of its
conclusions and avoid incorrect integral evaluations.

Q: What are some common misconceptions about the
fundamental theorem of calculus?

A: Common misconceptions include confusing differentiation with integration,
misunderstanding the requirement of continuity, and believing that
antiderivatives are unique when they can differ by a constant.

Q: How do you find the definite integral using the
fundamental theorem of calculus?

A: To find the definite integral, one must first determine an antiderivative
of the function, then evaluate it at the upper and lower limits of
integration and subtract the results.

Q: Why is the fundamental theorem of calculus
considered a cornerstone of calculus?

A: It is considered a cornerstone because it establishes a profound
relationship between two fundamental operations in calculus—differentiation
and integration-allowing for a deeper understanding and application of these
concepts.

Q: What role does continuity play in the fundamental
theorem of calculus?

A: Continuity is crucial as the theorem guarantees the existence of an
antiderivative for continuous functions, ensuring that the relationship
between integration and differentiation holds true.

Q: Are there any special cases or variations of the
fundamental theorem of calculus?

A: Yes, there are variations, such as the Leibniz rule for differentiating
under the integral sign and the generalized fundamental theorem that applies
to functions defined on more complex domains.



Q: How can I practice applying the fundamental
theorem of calculus?

A: To practice, work on problems that require finding definite integrals,
identifying antiderivatives, and applying the theorem in various contexts
across mathematics and its applications.
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