
limit comparison test calculus
limit comparison test calculus is a fundamental concept in the study of infinite series in
calculus. This test is particularly useful for determining the convergence or divergence of
series when direct comparison is challenging. By comparing a given series to a known
benchmark series, students can infer the behavior of the original series. In this article, we
will explore the limit comparison test in detail, including its definition, the conditions
under which it applies, and examples to illustrate its application. Additionally, we will
discuss common pitfalls and frequently asked questions regarding this essential topic in
calculus.
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Understanding the Limit Comparison Test

The limit comparison test is a method used to determine the convergence or divergence of
an infinite series. When faced with a series of the form ∑a_n, where a_n is a sequence of
positive terms, the limit comparison test allows us to compare it with a second series
∑b_n, where b_n is another sequence that is known to converge or diverge. The crux of the
test lies in evaluating the limit of the ratio of the terms from both series as n approaches
infinity.

In formal terms, the limit comparison test states that if a_n > 0 and b_n > 0 for all n
sufficiently large, and if:

lim (n→∞) (a_n / b_n) = c, where c is a positive finite number,

then both series ∑a_n and ∑b_n either converge or diverge together. This powerful
technique simplifies the analysis of series, particularly when direct evaluation is complex
or infeasible.



Conditions for Applying the Limit Comparison
Test

To effectively utilize the limit comparison test, certain conditions must be met.
Understanding these conditions is crucial for correctly applying the test. The conditions
are as follows:

Positive Terms: Both sequences a_n and b_n must consist of positive terms. This
ensures that the limit comparison is valid and meaningful.

Finite Limit: The limit of the ratio of the two sequences must exist and be a positive
finite number, specifically lim (n→∞) (a_n / b_n) = c, where c > 0.

Known Series: The series ∑b_n must be a series whose convergence properties are
already known. Common choices for b_n are p-series or geometric series.

If these conditions are satisfied, one can confidently conclude the convergence or
divergence of the series ∑a_n based on the behavior of the series ∑b_n.

Examples of Limit Comparison Test

Let’s consider some practical examples to illustrate the application of the limit comparison
test. These examples will help clarify how to implement the test effectively.

Example 1: Testing a p-Series

Consider the series ∑(1/n^2). We know that this is a p-series with p = 2, which converges.
Now, let’s apply the limit comparison test to the series ∑(1/n^2 + 1/n^3).

Here, we can set a_n = 1/(n^2 + n^3) and b_n = 1/n^2. We first find the limit:

lim (n→∞) (a_n / b_n) = lim (n→∞) [1/(n^2 + n^3)] / [1/n^2] = lim (n→∞) [n^2 / (n^2 +
n^3)] = lim (n→∞) [1 / (1 + 1/n)] = 1.

Since the limit is a positive finite number, by the limit comparison test, the series ∑(1/n^2
+ 1/n^3) also converges.



Example 2: Divergence of a Series

Now let’s consider the series ∑(1/n). We know this is a harmonic series, which diverges.
We will compare it with the series ∑(1/n^2).

Let a_n = 1/n and b_n = 1/n^2. We compute the limit:

lim (n→∞) (a_n / b_n) = lim (n→∞) (1/n) / (1/n^2) = lim (n→∞) n = ∞.

Since the limit diverges, we cannot use the limit comparison test directly. However, we
can change our approach and compare ∑(1/n) to another divergent series like ∑(1/n). In
this case, we find that both series diverge.

Common Pitfalls

Despite its utility, students may encounter several pitfalls when applying the limit
comparison test. Awareness of these common mistakes can enhance understanding and
application.

Ignoring the Positivity Condition: Ensure both a_n and b_n are positive;
otherwise, the test is invalid.

Miscalculating Limits: Carefully compute the limit of the ratio; errors can lead to
incorrect conclusions.

Choosing Inappropriate Comparison Series: Select a benchmark series (b_n) that
is well-known for its convergence or divergence properties.

Assuming Divergence from a Limit of Zero: A limit approaching zero does not
guarantee that the series converges; further investigation is necessary.

By avoiding these pitfalls, students can apply the limit comparison test more effectively
and confidently infer the behavior of various series.

Conclusion

The limit comparison test is a crucial tool in the arsenal of calculus students and
mathematicians alike. By allowing comparisons between series, it simplifies the process of
determining convergence and divergence. Understanding the conditions for its
application, as well as common pitfalls, is essential for effective use. With practice and
attention to detail, the limit comparison test can be mastered, providing clarity in the



study of infinite series.

FAQs about Limit Comparison Test Calculus

Q: What is the limit comparison test?
A: The limit comparison test is a method used in calculus to determine the convergence or
divergence of an infinite series by comparing it to a second series with known behavior.

Q: When can I use the limit comparison test?
A: You can use the limit comparison test when both series consist of positive terms and the
limit of their ratio approaches a positive finite number.

Q: Can I use the limit comparison test with series that
have negative terms?
A: No, the limit comparison test requires both series to have positive terms to ensure valid
comparisons.

Q: How do I choose the comparison series for the limit
comparison test?
A: Choose a comparison series that is well-known for its convergence or divergence
properties, such as p-series or geometric series.

Q: What should I do if the limit of the ratio is zero?
A: If the limit of the ratio approaches zero, further analysis is needed, as it does not
provide definitive information about convergence or divergence.

Q: Are there any exceptions to the limit comparison
test?
A: The main exception is that the test cannot be applied if the terms of the series are not
positive or if the limit of the ratio is not a positive finite number.

Q: How does the limit comparison test differ from the



direct comparison test?
A: The limit comparison test uses the limit of the ratio of terms, while the direct
comparison test involves directly relating the terms of two series without taking limits.

Q: Can the limit comparison test be used for series of
functions?
A: Yes, the limit comparison test can be applied to series of functions as long as the
necessary conditions regarding positivity and limits are met.

Q: What are some common series used for comparison?
A: Common series for comparison include p-series of the form ∑(1/n^p) and geometric
series.
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