preimage definition math

The Preimage Definition in Mathematics: A Comprehensive Exploration

preimage definition math is a fundamental concept that underpins many areas of
mathematics, from basic set theory to advanced calculus and abstract algebra.
Understanding the preimage is crucial for grasping how functions transform elements
between sets and for analyzing the behavior of mathematical mappings. Essentially, it asks
the question: "What input(s) from the domain map to a specific output (or set of outputs)
in the codomain?" This article will delve deeply into the definition of a preimage, explore
its nuances in various mathematical contexts, and provide clear examples to solidify
comprehension. We will investigate the relationship between preimages and images,
discuss properties of preimages, and highlight their significance in understanding function
behavior.
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What is a Preimage in Mathematics?

At its core, the preimage of an element or a subset within the codomain of a function
refers to the collection of all elements in the domain that are mapped to it by that
function. Think of it as tracing backward from the result to find all the original causes.
When we have a function, say \(f: A \to B\), where \(A)) is the domain and \(B\) is the
codomain, the preimage is concerned with identifying which members of \(A\) produce a
specific member or set of members in \(B\). It's a vital concept for dissecting the structure
and behavior of functions.

This notion of "what leads to what" is incredibly powerful. It allows mathematicians to
understand not just where things go, but also where they came from. Without the concept
of a preimage, our understanding of how functions operate would be incomplete, limited
only to forward mappings. By exploring the preimage, we gain a richer, more detailed
perspective on the intricate relationships functions establish between sets.

Understanding the Formal Definition of a
Preimage



To formalize this concept, let's consider a function \(f: A \to B\). For any element \(y \in B)),
the preimage of \(y\) under \(f\), denoted as \(f" {-1}(y)\), is the set of all elements \(x \in
A\) such that \(f(x) = y\). Mathematically, this is written as:

\(f"~ {-1}(y) = \{x \in A \mid f(x) = y\}\)

It's important to note that \(f~{-1}(y)\) is a set. Even if only one element in the domain
maps to \(y\), the preimage is still a set containing that single element. If no element in the
domain maps to \(y\), then the preimage of \(y\) is the empty set, denoted by \(\emptyset\).

Furthermore, the concept extends to subsets of the codomain. For any subset \(S
\subseteq B\), the preimage of \(S\) under \(f\), denoted as \(f"~ {-1}(S)\), is the set of all
elements in the domain \(A\) that map into \(S\). This is expressed as:

\(f~{-1}(S) = \{x\in A \mid f(x) \in S\}\)

This generalized definition is incredibly useful for analyzing how functions relate larger
portions of their domain and codomain. It allows us to consider the collective origins of a
group of outputs.

Preimage vs. Image: Clarifying the Distinction

It is common to confuse the preimage with the image, but they represent opposite
directions of mapping. The image, often denoted as \(Im(f)\) or \(f(A)\), is the set of all
possible output values of a function. If \(f: A \to B\), then the image is the subset of \(B\)
that is actually "hit" by the function. Mathematically, \(Im(f) = \{f(x) \mid x \in A\}\). The
image describes where the function goes, while the preimage describes where it came
from for a specific target.

So, while the image is a subset of the codomain derived from applying the function to all
elements of the domain, the preimage is a subset of the domain derived by looking
backward from a specific element or subset of the codomain. Understanding this
directional difference is key to correctly applying these concepts.

Examples of Preimages in Action

Let's solidify our understanding with some concrete examples. Consider a function \(f:
\mathbb{R} \to \mathbb{R}\) defined by \(f(x) = x~2\). Here, the domain is the set of real
numbers, and the codomain is also the set of real numbers.

Preimage of a Single Element

What is the preimage of the number 9? We are looking for all real numbers \(x\) such that



\(f(x) = 9\), which means \(x™2 = 9\). The solutions are \(x = 3\) and \(x = -3\). Therefore,
the preimage of 9 is the set \(\{-3, 3\}\). Written formally, \(f~{-1}(9) = \{-3, 3\}\).

Now, what about the preimage of -4? We need to find all real numbers \(x\) such that \(f(x)
= -4\), or \(x"2 = -4\). Since the square of any real number is non-negative, there are no
real numbers \(x\) that satisfy this equation. Thus, the preimage of -4 is the empty set:
\(f~ {-1}(-4) = \emptyset)).

Preimage of a Subset

Let's consider the preimage of the interval \([0, 4]\). We are looking for all real numbers
\(x\) such that \(f(x) \in [0, 4]\), which means \(0 \le x”~2 \le 4\). This inequality holds true
for all \(x\) such that \(-2 \le x \le 2\). Therefore, the preimage of the interval \([0, 4]\) is the
interval \([-2, 2]\). Formally, \(f~ {-1}([0, 4]) = [-2, 2]\).

Consider another example: a function \(g: \{A, B, C, D\} \to \{1, 2, 3\}\) defined as follows:
\(g(A) = 1\), \(g(B) = 2)), \(g(C) = 1}), and \(g(D) = 3\).

e The preimage of the element 1 is \(g™{-1}(1) = \{A, C\}\).

e The preimage of the element 2 is \(g™{-1}(2) = \{B\}\).

e The preimage of the element 3 is \(g”™ {-1}(3) = \{D\}\).

» The preimage of the subset \(\{1, 3\}\) is \(g~ {-1}(\{1, 3\}) = \{A, C, D\}\).

Properties of Preimages

Preimages possess several important properties that are useful in various mathematical
proofs and analyses. These properties help us understand how operations on sets in the
codomain translate back to sets in the domain.

Preimages and Set Operations

Let \(f: A \to B\) be a function, and let \(S\) and \(T\) be subsets of \(B\).

e Union: The preimage of the union of two subsets is the union of their preimages.
That is, \(f~{-1}(S\cup T) = £~ {-1}(S) \cup £~ {-1}(T)\). This means that if an
element maps into either \(S\) or \(T\), it must belong to the preimage of \(S\) or the



preimage of \(T\).

e Intersection: Similarly, the preimage of the intersection of two subsets is the
intersection of their preimages. That is, \(f~{-1}(S \cap T) = £~ {-1}(S) \cap
£~ {-1}(T)\). This tells us that if an element maps into both \(S\) and \(T\), it must
belong to both the preimage of \(S\) and the preimage of \(T\).

e Set Difference: For set difference, we have \(f~ {-1}(S \setminus T) \subseteq
£~ {-1}(S) \setminus £~ {-1}(T)\). Note that this is not generally an equality. An
element could be in \(f~{-13}(S)\) but not in \(f~ {-1}(T)\), and its image could be in
\(S \setminus T\). However, an element in \(f"~ {-1}(S \setminus T)\) maps to an
element in \(S\) but not in \(T\), so its preimage must be in \(f~{-1}(S)\) and not in
\(E~{-1}(D)\).

Preimages and Complements

For a subset \(S \subseteq B\), the preimage of the complement of \(S\) in \(B\) is the
complement of the preimage of \(S\) in \(A\). If \(S”~c\) denotes the complement of \(S\) in
\(B\), then \(f~{-1}(S"™c) = (f~{-1}(S))~c\). This property is crucial for understanding how
functions preserve or alter set structures from the perspective of complements.

Preimages and Surjectivity (Onto Functions)

A function \(f: A \to B\) is surjective if and only if for every \(y \in B\), the preimage

\(f~ {-1}(y)\) is non-empty. This means that every element in the codomain has at least one
element in the domain that maps to it. If a function is surjective, then the union of the
preimages of individual elements in the codomain covers the entire domain.

Preimages and Injectivity (One-to-One Functions)

A function \(f: A \to B\) is injective if and only if for every \(y\) in the image of \(f\), the
preimage \(f~ {-1}(y)\) contains exactly one element. If \(f\) is injective, then distinct
elements in the domain map to distinct elements in the codomain. This implies that for any
\(y\) in the codomain, its preimage will either be empty or contain a single element.

Significance of Preimages in Mathematical
Analysis

The concept of the preimage is not merely an abstract definition; it holds profound



significance in various branches of mathematics. It allows us to probe deeper into the
structure of functions and the relationships they create.

In calculus, for instance, understanding preimages is vital for defining inverse functions. A
function has a well-defined inverse if and only if it is both injective and surjective
(bijective). The preimage concept helps us identify the domain of this inverse function.
Moreover, when studying limits and continuity, the definition of continuity itself relies
heavily on the preimage of open sets being open sets. This is a cornerstone of topology
and analysis.

In linear algebra, when dealing with linear transformations, understanding the preimage
of a vector (or subspace) helps us analyze the null space (kernel) and understand how the
transformation collapses dimensions. The kernel of a linear transformation \(T: V \to W\) is
precisely the preimage of the zero vector in \(W\), i.e., \(Ker(T) = T~ {-1}(\{O\})\).

In abstract algebra, particularly in group theory and ring theory, preimages of subgroups
and ideals play a critical role in understanding homomorphisms. A homomorphism
preserves the algebraic structure, and its kernel (the preimage of the identity element) is
always a normal subgroup (or ideal). Analyzing these preimages provides deep insights
into the structure of the algebraic objects involved.

Practical Applications and Further Concepts

Beyond theoretical mathematics, the idea of a preimage finds its way into computational
algorithms and problem-solving. For example, in database queries, when you search for
records that meet certain criteria, you are essentially looking for the preimage of those
criteria within the database's structure.

The concept of preimage also naturally leads to discussions about functions that are not
necessarily surjective or injective. Understanding how multiple domain elements can map
to the same codomain element, or how some codomain elements might not be mapped to
at all, is fundamental to a complete understanding of functions. These explorations pave
the way for more advanced topics like quotient spaces and fiber bundles in differential
geometry.

When you encounter problems involving mapping, transformations, or solving equations,
always consider the possibility that the preimage concept might be the key to unlocking
the solution. It's a powerful tool for dissecting problems and understanding the underlying
structure of mathematical relationships.

The study of preimages is an ongoing journey that deepens with each new mathematical
concept encountered. It's a testament to the interconnectedness of mathematical ideas
and the elegance of precise definitions.



Frequently Asked Questions about Preimage
Definition Math

Q: What is the simplest way to remember the definition
of a preimage?

A: Think of it as working backward. If you know the result of a function (an element in the
codomain), the preimage is the set of all possible original inputs (elements in the domain)
that produced that result.

Q: Is the preimage always a single element or a set?

A: The preimage is always a set. Even if only one element from the domain maps to a
specific element in the codomain, the preimage is a set containing that single element. If
no element maps to the target, the preimage is the empty set.

Q: What's the difference between the preimage of an
element and the preimage of a set?

A: The preimage of an element \(y\) in the codomain is the set of all elements in the
domain that map exactly to \(y\). The preimage of a set \(S\) in the codomain is the set of
all elements in the domain that map to any element within the set \(S\).

Q: Can a preimage be an empty set?

A: Yes, absolutely. If there are no elements in the domain that map to a particular element
or subset in the codomain, then the preimage of that element or subset is the empty set.
This often happens when the function is not surjective.

Q: How does the preimage relate to inverse functions?

A: A function has an inverse if and only if it is bijective (both one-to-one and onto). For a
bijective function, the preimage of an element \(y\) in the codomain is a single element
\(x\) in the domain, and this \(x\) is precisely the value of the inverse function at \(y)), i.e.,
\(f~{-1}(y) = x\). The concept of preimage is fundamental to defining and understanding
inverse functions.

Q: If a function is not injective (one-to-one), what does
that imply about its preimages?

A: If a function is not injective, it means that at least two distinct elements in the domain



map to the same element in the codomain. Consequently, the preimage of that specific
element in the codomain will contain more than one element, and thus, will not be a
singleton set.

Q: Does the term "preimage" apply only to mathematical
functions?

A: While most commonly discussed in the context of mathematical functions, the
underlying concept of "what leads to this outcome" is broadly applicable across various
fields, including computer science, logic, and even everyday reasoning. However, in a
strict mathematical sense, it's tied to the definition of a function and its mapping between
sets.
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