
relations discrete math
What are Relations in Discrete Mathematics? A Comprehensive Guide

relations discrete math are a fundamental concept in the field, providing a structured
way to describe connections between elements within sets. These mathematical
relationships are not just abstract ideas; they underpin many computational processes and
logical structures. From defining how data points are connected in a database to
understanding the order of operations in algorithms, discrete math relations are
pervasive. This article will delve deep into the world of relations, exploring their
definitions, types, properties, and essential applications. We will unravel the intricacies of
binary relations, examine their classifications such as reflexive, symmetric, and transitive,
and discuss how they form the basis for equivalence relations and partial orders.
Understanding these concepts is key to mastering discrete mathematics and its practical
implications.
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Understanding the Basics of Relations

At its core, a relation in discrete mathematics is simply a set of ordered pairs. Imagine you
have two sets, let's call them set A and set B. A relation R from set A to set B is a subset of
the Cartesian product of A and B, denoted as A x B. The Cartesian product A x B consists
of all possible ordered pairs (a, b) where 'a' is an element of A and 'b' is an element of B.
So, a relation R is just a selection of these pairs, defining specific connections between
elements of A and elements of B. It’s like saying, "Here are the specific ways elements
from set A are related to elements from set B."

When we talk about relations, we often focus on binary relations, which are relations
between two sets. However, relations can also exist within a single set, meaning they are
subsets of A x A. In this case, we are describing how elements of a set are related to other
elements within the same set. For example, consider the set of integers. A relation could
be "is less than" (>), where the pairs (1, 2), (1, 3), (2, 3), etc., would be part of this
relation. The beauty of defining relations as sets of ordered pairs is that it gives us a
precise and unambiguous way to represent these connections.



Defining a Relation Formally
To be more precise, let A and B be two sets. A relation R from A to B is any subset of the
Cartesian product A × B. We write (a, b) ∈ R to indicate that 'a' is related to 'b' by the
relation R. Conversely, if (a, b) ∉ R, then 'a' is not related to 'b' by R. When R is a relation
from A to A, we call it a binary relation on A. This formal definition is crucial because it
provides a rigorous foundation for all further discussions and manipulations of relations.

Think of it this way: If you have a set of people and a set of pets, a relation could be
"owns." The ordered pair (Alice, Fluffy) would be in this relation if Alice owns Fluffy. The
Cartesian product would list every person with every pet, but the relation "owns" only
includes the specific pairings that are true. This set-based definition allows us to use the
powerful tools of set theory to analyze and understand these relationships.

Representing Relations
There are several ways to represent relations, making them easier to visualize and work
with. One common method is using a set of ordered pairs, as we've discussed. However,
for relations on a single set, especially finite ones, we can use other representations. A
directed graph is a powerful visual tool where the elements of the set are represented as
vertices (nodes), and an ordered pair (a, b) ∈ R is represented by a directed edge from
vertex 'a' to vertex 'b'. This graphical representation clearly shows the flow and
connections within the relation.

Another representation for relations on a finite set A = {a₁, a₂, ..., an} is an n x n matrix,
often called an adjacency matrix. If R is a relation on A, the matrix M for R will have
entries Mij = 1 if (ai, aj) ∈ R, and Mij = 0 otherwise. This matrix representation is
particularly useful in computer science for efficiently storing and manipulating relations,
especially when dealing with algorithms that operate on graphs.

Types of Relations in Discrete Math

Relations aren't all cut from the same cloth. They come with different characteristics and
properties that define their behavior. Understanding these types is crucial for applying
them correctly in various mathematical and computational contexts. We'll explore some of
the most common classifications.

Binary Relations
As mentioned, the most frequently encountered type is the binary relation. A binary
relation R on a set A is simply a subset of A × A. This means it relates elements of the set
to other elements of the same set. For instance, on the set of integers, the relation "is
equal to" (=) is a binary relation. The ordered pair (3, 3) is in this relation, as is (5, 5).
Similarly, the relation "is a divisor of" is also a binary relation; for example, (2, 4) is in this
relation because 2 divides 4.

The concept of a binary relation is so fundamental that often when people say "relation" in
discrete mathematics, they implicitly mean a binary relation. The structure and properties



we will discuss next primarily apply to these binary relations, as they form the bedrock of
many advanced topics.

Ternary and n-ary Relations
While binary relations are the most common, it's worth noting that relations can involve
more than two sets. A ternary relation, for example, is a subset of A × B × C. If we have
sets of students (S), courses (C), and grades (G), a ternary relation might be "takes" where
an ordered triple (student, course, grade) indicates that a particular student received a
specific grade in a particular course. These higher-order relations are less common in
introductory discrete math but are essential in areas like database theory and logic.

In general, an n-ary relation on sets A₁, A₂, ..., An is a subset of the Cartesian product A₁ ×
A₂ × ... × An. The power of relations lies in their ability to model complex connections
between multiple entities, which is a vital aspect of understanding data structures and
information systems.

Properties of Relations

The properties of a relation reveal its inherent nature and how it behaves. These
properties are not just academic curiosities; they dictate whether a relation can be used
for specific purposes, like partitioning a set or establishing an order. Let's examine the
most significant properties of binary relations on a set A.

Reflexive Property
A relation R on a set A is reflexive if for every element 'a' in A, the ordered pair (a, a) is in
R. In simpler terms, every element is related to itself. Think about the "is equal to" relation
on numbers. Every number is equal to itself (3 = 3, -5 = -5, etc.). This makes the "is equal
to" relation reflexive. Conversely, the "is less than" relation is not reflexive because no
number is less than itself (3 < 3 is false).

The reflexive property is fundamental for several types of relations, particularly
equivalence relations. When a relation is reflexive, it implies a form of self-containment or
identity for each element within the scope of that relation. Visually, in a directed graph
representation, a reflexive relation would have a loop on every vertex.

Symmetric Property
A relation R on a set A is symmetric if whenever (a, b) is in R, then (b, a) must also be in R.
This means that if 'a' is related to 'b', then 'b' is also related to 'a' in the same way. The "is
married to" relation is a good example of a symmetric relation. If John is married to Mary,
then Mary is married to John. The "is a sibling of" relation is also symmetric. However, the
"is a parent of" relation is not symmetric; if John is a parent of Mary, it doesn't mean Mary
is a parent of John.



Symmetry is an important characteristic when dealing with relationships that are
inherently reciprocal. In graph theory, a symmetric relation on a set of vertices
corresponds to an undirected graph, where an edge between two vertices can be
traversed in either direction.

Antisymmetric Property
A relation R on a set A is antisymmetric if whenever (a, b) is in R and (b, a) is in R, then it
must be that a = b. This property is a bit trickier. It essentially says that if two distinct
elements are related to each other in both directions, that's impossible. The only way for
(a, b) and (b, a) to both be in an antisymmetric relation is if 'a' and 'b' are the same
element. The "is less than or equal to" (≤) relation is antisymmetric. If a ≤ b and b ≤ a,
then it must be that a = b. The "is strictly less than" (<) relation is not antisymmetric
because if a < b and b < a, this is impossible, so the condition is vacuously true for distinct
elements.

Antisymmetry is crucial for defining orderings. Relations that are reflexive, transitive, and
antisymmetric are known as partial order relations.

Transitive Property
A relation R on a set A is transitive if whenever (a, b) is in R and (b, c) is in R, then (a, c)
must also be in R. This property describes a chain reaction of relationships. If 'a' is related
to 'b', and 'b' is related to 'c', then 'a' must be related to 'c'. The "is less than" (<) relation
is transitive. If a < b and b < c, then it's always true that a < c. Similarly, "is a divisor of"
is transitive: if 'a' divides 'b' and 'b' divides 'c', then 'a' divides 'c'. The "is a parent of"
relation is not transitive: if Alice is a parent of Bob, and Bob is a parent of Charlie, Alice is
a grandparent of Charlie, not a parent.

Transitivity is essential for defining hierarchical structures and logical deductions. It
allows us to infer relationships that aren't directly stated but are implied through
intermediate connections.

Equivalence Relations and Partitions

When a relation satisfies three specific properties – reflexivity, symmetry, and transitivity
– it is classified as an equivalence relation. Equivalence relations are incredibly important
because they partition a set into disjoint subsets, where all elements within a subset are
considered equivalent to each other under that relation. This concept is foundational in
many areas of mathematics and computer science.

Defining an Equivalence Relation
A binary relation R on a set A is an equivalence relation if it is:

Reflexive: For all a ∈ A, (a, a) ∈ R.



Symmetric: For all a, b ∈ A, if (a, b) ∈ R, then (b, a) ∈ R.

Transitive: For all a, b, c ∈ A, if (a, b) ∈ R and (b, c) ∈ R, then (a, c) ∈ R.

A classic example of an equivalence relation is the "is equal to" (=) relation on any set.
Every element is equal to itself (reflexive). If a = b, then b = a (symmetric). If a = b and b
= c, then a = c (transitive). Another common example is congruence modulo n on the set
of integers. Two integers are congruent modulo n if they have the same remainder when
divided by n.

Equivalence Classes
For an equivalence relation R on a set A, the equivalence class of an element 'a' in A,
denoted as [a], is the set of all elements in A that are related to 'a'. Formally, [a] = {x ∈ A |
(a, x) ∈ R}. All elements within an equivalence class are equivalent to each other. The set
of all equivalence classes forms a partition of the set A.

Consider the relation "has the same birthday" on a set of people. This is an equivalence
relation. The equivalence class of a person named Alex would be the set of all people in
the group who share Alex's birthday. All these people are "equivalent" in terms of their
birthday. If we consider integers modulo 3, the relation is "has the same remainder when
divided by 3." The equivalence classes are [0] = {..., -3, 0, 3, 6, ...}, [1] = {..., -2, 1, 4, 7,
...}, and [2] = {..., -1, 2, 5, 8, ...}. These three sets partition the integers.

Partitions of a Set
A partition of a set A is a collection of non-empty, disjoint subsets of A whose union is A.
Disjoint means that no two subsets share any common elements. Equivalence relations
provide a natural way to generate partitions. For any equivalence relation R on a set A, the
set of all distinct equivalence classes of R forms a partition of A. This is a fundamental
theorem in set theory and is widely applicable.

The concept of partitioning is incredibly useful. It allows us to break down a complex
problem into smaller, more manageable, and independent subproblems. For instance, in
computer science, you might partition a large dataset into smaller chunks based on
certain criteria for parallel processing. The equivalence relation ensures that the
partitioning is consistent and well-defined.

Partial Orders and Posets

Beyond equivalence, relations can also establish order. Partial order relations are crucial
for understanding hierarchies, sequences, and dependencies. They allow us to compare
elements within a set, but not necessarily all pairs of elements.



Defining a Partial Order
A binary relation R on a set A is a partial order if it is:

Reflexive: For all a ∈ A, (a, a) ∈ R.

Antisymmetric: For all a, b ∈ A, if (a, b) ∈ R and (b, a) ∈ R, then a = b.

Transitive: For all a, b, c ∈ A, if (a, b) ∈ R and (b, c) ∈ R, then (a, c) ∈ R.

A set A together with a partial order relation R on A is called a partially ordered set, or
poset, denoted as (A, R). Think about the "is a subset of" relation (⊆) on a power set. For
example, on the power set of {1, 2}, which is {{}, {1}, {2}, {1, 2}}, the relation ⊆ is a
partial order. {} ⊆ {}, {1} ⊆ {1}, etc. (reflexive). If A ⊆ B and B ⊆ A, then A = B
(antisymmetric). If A ⊆ B and B ⊆ C, then A ⊆ C (transitive).

Not all pairs of elements in a poset need to be comparable. For example, in the subset
relation, {1} and {2} are not comparable because neither is a subset of the other. This is
why it's called a partial order, as opposed to a total order where every pair of elements is
comparable.

Total Orders
A special type of partial order is a total order (or linear order). A relation R on a set A is a
total order if it is a partial order and for every pair of elements a, b ∈ A, either (a, b) ∈ R
or (b, a) ∈ R. This means every element is comparable to every other element. The "less
than or equal to" (≤) relation on the set of integers is a total order. For any two integers a
and b, either a ≤ b or b ≤ a.

Total orders are more restrictive than partial orders and are crucial for arranging items in
a sequence. Think of the order of words in a dictionary or the order of steps in an
algorithm. These are typically based on total orders.

Hasse Diagrams
Hasse diagrams are a graphical representation of posets. They simplify the visualization
by omitting loops (due to reflexivity) and transitive edges. An edge is drawn directly from
'a' to 'b' if (a, b) ∈ R and there is no element 'c' such that (a, c) ∈ R and (c, b) ∈ R.
Elements are arranged so that if (a, b) ∈ R, then 'b' is drawn higher than 'a'.

Hasse diagrams provide an intuitive way to understand the structure of a poset,
highlighting relationships like minimal elements, maximal elements, least upper bounds,
and greatest lower bounds. They are a powerful tool for analyzing ordering structures in
discrete mathematics.



Applications of Relations in Discrete Mathematics

The abstract concepts of relations in discrete mathematics are not just theoretical
exercises; they have profound and widespread applications across various fields,
particularly in computer science and logic. Their ability to model connections and
structures makes them indispensable tools.

Database Theory
Relations form the very foundation of relational databases. In a relational database, data is
organized into tables, which are essentially representations of relations. Each row in a
table corresponds to an ordered tuple (an element of the relation), and each column
represents an attribute. The operations performed on databases, such as querying and
joining tables, are deeply rooted in the mathematical principles of relations. For example,
a query to find all customers who have placed an order is akin to finding elements in the
intersection of two relations.

The integrity constraints that ensure the quality of data in a database are also often
expressed using relations. For instance, foreign key constraints establish relationships
between tables, ensuring that references between data entities are valid. The ability to
define and manipulate relations precisely allows for robust and efficient data management
systems.

Graph Theory
As discussed earlier, relations can be visualized as directed graphs. This connection makes
graph theory a natural extension and application of relation theory. Many problems in
computer science, operations research, and network analysis are modeled using graphs,
which are inherently defined by their relations (edges) between entities (vertices). For
example, in a social network, a relation like "is friends with" can be represented as an
undirected graph where vertices are people and edges represent friendships. Algorithms
for finding shortest paths, determining connectivity, or analyzing network flow all rely on
understanding the underlying relations.

The properties of relations directly translate to properties of graphs. A reflexive relation
implies self-loops, a symmetric relation implies undirected edges, and a transitive relation
can lead to longer paths. Understanding these connections helps in designing efficient
algorithms and analyzing the behavior of complex systems.

Logic and Proofs
Relations are instrumental in formal logic and mathematical proofs. Equivalence relations,
for instance, are used to define concepts like congruence in number theory and
isomorphisms in algebra. They allow us to group mathematical objects that share essential
properties, simplifying proofs by allowing us to work with equivalence classes rather than
individual elements. The principle of mathematical induction, a cornerstone of discrete
mathematics, can also be viewed as a form of transitive relation applied to natural



numbers.

Furthermore, the properties of relations (reflexivity, symmetry, transitivity, antisymmetry)
are themselves logical statements that need to be proven or disproven. The rigorous
definition and analysis of these properties contribute to the development of sound logical
reasoning and the construction of valid mathematical arguments. When proving properties
about algorithms or data structures, we often rely on establishing and manipulating
relations.

Algorithm Design and Analysis
Many algorithms implicitly or explicitly work with relations. For example, sorting
algorithms establish a total order on a set of elements. Algorithms that deal with
dependencies, like topological sorting, rely on transitive relations to determine a valid
sequence of tasks. The correctness and efficiency of these algorithms are often analyzed
by examining the properties of the relations they operate on.

Consider scheduling algorithms. They might involve relations like "task A must be
completed before task B." Understanding the transitivity of this relation is crucial for
determining if a valid schedule is even possible. If task A must precede B, and B must
precede C, then A must precede C. Detecting cycles in such dependency relations is vital
for preventing deadlocks or impossible schedules.

Real-World Examples of Discrete Math Relations

Beyond the academic realm, discrete mathematics relations manifest in numerous ways in
our everyday lives and in various industries. Recognizing these connections can make the
abstract concepts more tangible and relatable.

Social Networks
Platforms like Facebook, Instagram, and LinkedIn are built upon the concept of relations.
The "is friends with," "follows," or "is connected to" links are all forms of relations. These
relations can be represented as graphs, where users are vertices and connections are
edges. The properties of these relations – for instance, if friendship is mutual (symmetric)
– influence how information spreads and how the network behaves. Analyzing the
structure of these networks often involves studying the properties of the underlying
relations.

Algorithms that suggest "people you may know" or recommend content often leverage the
properties of these social relations. For example, if A is friends with B, and B is friends
with C, and A and C have common interests, the network might suggest a connection
between A and C, implicitly using transitivity and other relation-based logic.



Family Trees
Family trees are a classic example of relations, particularly involving parentage and
ancestry. The relation "is a parent of" is a directed, non-symmetric, and non-transitive
relation. However, when we consider "is an ancestor of," this becomes a transitive
relation. If A is an ancestor of B, and B is an ancestor of C, then A is an ancestor of C. This
transitive property is fundamental to understanding lineage and inheritance.

The structure of a family tree can be viewed as a directed acyclic graph (DAG) where
edges represent parent-child relationships. Analyzing familial connections often involves
traversing these relations and understanding their hierarchical nature, which is a direct
application of relation theory.

Transportation Networks
Road networks, flight routes, and public transportation systems all represent complex
relations. Cities or locations can be seen as vertices, and routes or direct connections
between them are edges. The relation "is directly connected to" is often symmetric for
roads or flights (if you can go from A to B, you can go from B to A on the same route), but
not always for one-way streets or specific flight paths. The relation "is reachable from" is a
transitive relation.

Navigation apps like Google Maps or Waze heavily rely on the properties of these
relations. They use algorithms to find the shortest or fastest path between two points,
essentially finding a path in the graph that minimizes a certain cost function, which is an
application of traversing transitive relations. The concept of connectivity in a network is
also a direct application of relation properties.

Computer File Systems
The hierarchical structure of computer file systems, with directories containing files and
subdirectories, can be modeled using relations. The "contains" relation is inherently
hierarchical and transitive. If directory A contains directory B, and directory B contains
file C, then directory A indirectly contains file C. Understanding these containment
relations is crucial for navigating, organizing, and searching for files on a computer.

Permissions and access control in file systems also involve relations. A relation might
define which users have read, write, or execute permissions for specific files or
directories. Analyzing these relations is critical for system security and administration.
When you try to access a file, the system checks if your user has the appropriate relation
(permission) to perform the action.

Common Pitfalls and How to Avoid Them

While the concepts of discrete math relations are powerful, beginners often stumble upon
common pitfalls. Being aware of these can significantly smooth the learning curve and
lead to a more robust understanding.



Confusing Relation Types
One frequent mistake is conflating different types of relations or their properties. For
example, confusing symmetry with antisymmetry is common. Remember: symmetric
means if a is related to b, then b is related to a. Antisymmetric means if a is related to b
AND b is related to a, then a must equal b. This distinction is critical, especially when
defining orderings.

Another confusion arises between equivalence relations and partial orders. Equivalence
relations partition a set into equal groups (reflexive, symmetric, transitive), while partial
orders create a hierarchy where elements may not be comparable (reflexive,
antisymmetric, transitive). Paying close attention to which properties are required for
each type is essential.

Incorrectly Identifying Properties
Students sometimes incorrectly identify properties like transitivity or reflexivity. For
example, they might assume a relation is transitive just because it's reflexive. It's
important to test each property independently using the definitions. A relation might be
reflexive and symmetric but not transitive, or vice versa.

A common error with transitivity is overlooking specific cases. For instance, if we have a
relation where R = {(1, 2), (2, 3)} on the set {1, 2, 3}, it is NOT transitive because (1, 3) is
missing. Even if (a, b) and (b, c) are in R, (a, c) must also be in R. Always check all possible
combinations that fit the condition.

Misinterpreting Set Notation
Working with sets and ordered pairs can be confusing. Understanding the difference
between an element of a set and a set itself is vital. For example, in the power set of {a,
b}, the element is {a}, and it is a subset of {a, b}. A relation defined on this power set
would contain ordered pairs of sets, like ({a}, {a, b}).

It's also crucial to correctly interpret the Cartesian product. A × B contains all possible
ordered pairs (a, b) where a ∈ A and b ∈ B. A relation R, being a subset of A × B, is a
selection of these pairs. Ensuring correct set notation and understanding what each
symbol represents in the context of relations is fundamental.

Overlooking Edge Cases
When verifying properties, it's easy to focus only on "typical" cases and overlook edge
cases, especially with empty sets or single-element sets. For instance, is an empty relation
on a non-empty set reflexive? No, because it fails the condition for every element. Is a
relation on an empty set reflexive? Yes, vacuously, because there are no elements for
which the condition can fail.

Similarly, for antisymmetry, if there are no pairs (a, b) and (b, a) in the relation where a ≠
b, then the relation is antisymmetric. It's important to remember that statements in
mathematics are often true if their conditions are never met (vacuous truth). Carefully
considering these edge cases ensures a complete and accurate understanding of relation



properties.

Relations in discrete mathematics are a rich and foundational topic, providing the
language and tools to describe and analyze connections between mathematical objects.
From the simple definition of a set of ordered pairs to complex properties like transitivity
and antisymmetry, these concepts enable us to build sophisticated models and solve
intricate problems. Understanding equivalence relations and partial orders unlocks our
ability to partition sets and establish hierarchies, respectively, while their applications in
database theory, graph theory, logic, and algorithm design highlight their immense
practical value. By mastering the definitions, properties, and common representations of
discrete math relations, you gain a powerful set of analytical skills applicable to a vast
array of disciplines.

Q: What is the most basic definition of a relation in
discrete mathematics?
A: The most basic definition of a relation in discrete mathematics is a set of ordered pairs.
When we talk about a relation R from set A to set B, it's simply a subset of the Cartesian
product A × B. This means R contains specific pairings of elements where the first
element comes from A and the second from B.

Q: What are the three main properties that define an
equivalence relation?
A: The three main properties that define an equivalence relation are:

Reflexive: Every element is related to itself.

Symmetric: If element 'a' is related to element 'b', then 'b' is also related to 'a'.

Transitive: If 'a' is related to 'b', and 'b' is related to 'c', then 'a' is related to 'c'.

Q: How does a relation differ from a function in discrete
mathematics?
A: While both involve relationships between sets, a function is a specific type of relation.
For a relation to be a function from set A to set B, every element in set A must be related
to exactly one element in set B. In contrast, a general relation allows elements in A to be
related to multiple elements in B, or even no elements at all.

Q: What is a partially ordered set (poset)?
A: A partially ordered set, or poset, is a set equipped with a binary relation that is
reflexive, antisymmetric, and transitive. This means elements within the set can be



compared, but not necessarily all pairs of elements are comparable. For example, the "is a
subset of" relation on a collection of sets forms a poset.

Q: How are directed graphs used to represent relations?
A: Directed graphs are a visual way to represent binary relations on a single set. The
elements of the set become the vertices (nodes) of the graph. An ordered pair (a, b) in the
relation is represented by a directed edge drawn from vertex 'a' to vertex 'b'. This allows
for an intuitive understanding of the connections within the relation.

Q: Can you give an example of a relation that is reflexive
but not symmetric?
A: Consider the relation "is less than or equal to" (≤) on the set of integers. This relation is
reflexive because every integer is less than or equal to itself (e.g., 5 ≤ 5). However, it is
not symmetric because if 'a' is less than or equal to 'b' (and a ≠ b), then 'b' is not less than
or equal to 'a' (e.g., 5 ≤ 10 is true, but 10 ≤ 5 is false).

Q: What is the significance of transitivity in relations?
A: Transitivity signifies a form of chaining or indirect connection. If a relation is transitive,
it means that if 'a' is related to 'b', and 'b' is related to 'c', then 'a' is automatically related
to 'c'. This property is fundamental for concepts like ordering, logical deduction, and
determining reachability in networks.

Q: How do equivalence relations lead to partitions of a
set?
A: An equivalence relation on a set A divides the set into disjoint subsets called
equivalence classes. All elements within a single equivalence class are related to each
other, and elements from different equivalence classes are not related. The collection of
all these distinct, non-overlapping equivalence classes forms a partition of the original set
A.
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