WHAT IS LIMIT IN MATH

(UNDERSTANDING THE FUNDAMENTAL CONCEPT: WHAT IS LIMIT IN MATH?

WHAT IS LIMIT IN MATH, A CONCEPT THAT FORMS THE BEDROCK OF CALCULUS AND ADVANCED MATHEMATICAL ANALYSIS, MIGHT
INITIALLY SEEM ABSTRACT, BUT IT’S INCREDIBLY INTUITIVE WHEN BROKEN DOWN. AT ITS CORE, A LIMIT DESCRIBES THE VALUE A
FUNCTION APPROACHES AS ITS INPUT APPROACHES A CERTAIN VALUE. THINK OF IT AS PREDICTING WHERE YOU’RE HEADED
WITHOUT NECESSARILY ARRIVING. THIS POWERFUL IDEA ALLOWS US TO ANALYZE THE BEHAVIOR OF FUNCTIONS NEAR SPECIFIC
POINTS, EVEN IF THE FUNCTION IS UNDEFINED AT THAT EXACT POINT. (UNDERSTANDING LIMITS IS CRUCIAL FOR GRASPING
DERIVATIVES, INTEGRALS, AND THE VERY ESSENCE OF CONTINUITY IN MATHEMATICS. W/E’LL DELVE INTO THE FORMAL DEFINITION,
EXPLORE ITS PRACTICAL APPLICATIONS, AND DEMYSTIFY COMMON SCENARIOS WHERE LIMITS PLAY A PIVOTAL ROLE.
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WHAT IS A LIMIT INMATHEMATICS?

AT ITS HEART, A LIMIT IN MATHEMATICS IS A DESCRIPTIVE TOOL THAT TELLS US WHAT A FUNCTION’S OUTPUT GETS “CLOSE
To” ASITS INPUT GETS “CLOSE TO” A PARTICULAR VALUE. IT>S NOT ABOUT THE EXACT VALUE OF THE FUNCTION AT THAT
POINT, BUT RATHER THE TREND OR TENDENCY OF THE FUNCTION'S VALUES AS WE APPROACH IT FROM EITHER SIDE. THIS CONCEPT
IS FUNDAMENT AL BECAUSE MANY IMPORTANT MATHEMATICAL OPERATIONS, ESPECIALLY IN CALCULUS, RELY ON UNDERSTANDING
THIS BEHAVIOR WITHOUT NECESSARILY BEING ABLE TO EVALUATE THE FUNCTION DIRECTLY AT THE POINT OF INTEREST. IT'S LIKE
LOOKING AT A DESTINATION ON A MAP AND UNDERSTANDING THE PATH YOU'D TAKE TO GET THERE, EVEN IF THERE'S A
ROADBLOCK AT THE EXACT SPOT.

IMAGINE YOU'RE WALKING ALONG A PATH, AND YOU WANT TO KNOW WHAT ALTITUDE YOU'LL REACH AS YOU APPROACH A
SPECIFIC MOUNTAIN PEAK. YOU MIGHT NOT BE ABLE TO STAND ON THE PEAK ITSELF (PERHAPS IT'S TOO DANGEROUS OR
INACCESSIBLE), BUT BY OBSERVING THE GROUND AS YOU GET CLOSER AND CLOSER, YOU CAN REASONABLY ESTIMATE THE
ALTITUDE OF THAT PEAK. THIS IS THE ESSENCE OF WHAT A LIMIT REPRESENTS IN MATHEMATICS. |IT ALLOWS US TO INFER THE
VALUE OF SOMETHING BASED ON ITS SURROUNDING BEHAVIOR.

THe INTUITIVE UNDERSTANDING OF A LIMIT

TO TRULY GRASP WHAT A LIMIT IS, LETS THINK ABOUT IT IN EVERYDAY TERMS. SUPPOSE YOU'RE BAKING A CAKE, AND THE
RECIPE CALLS FOR A VERY SPECIFIC OVEN TEMPERATURE. AS THE OVEN HEATS UP, YOU’RE NOT MEASURING THE TEMPERATURE
EXACTLY WHEN IT HITS, SAY, 350 DEGREES FAHRENHEIT. INSTEAD, YOU'RE OBSERVING HOW THE TEMPERATURE CLIMBS AND
WHAT VALUE IT HOVERS AROUND. THE LIMIT IS THAT VALUE THE TEMPERATURE IS APPROACHING AND STABILIZING AT. TS THE
VALUE THE FUNCTION “TENDS TOWARDS.”

CONSIDER A SIMPLE EXAMPLE: THE FUNCTION F(X) = X + 2. WHAT IS THE VALUE OF THIS FUNCTION AS X APPROACHES 3?
INTUITIVELY, AS X GETS CLOSER AND CLOSER TO 3 (SAY, 2.9, 2.99, 2.999, AND FROM THE OTHER SIDE, 3.1, 3.01,
3.001), THE VALUE OF F(X) GETS CLOSER AND CLOSER TO 5 (2.9 + 2 =4.9,2.99 + 2 = 4.99, AND SO ON). THE LIMIT OF
F(x) AS X APPROACHES 3 1S 5. WE DON'T EVEN NEED TO PLUG IN 3 DIRECTLY, ALTHOUGH IN THIS SIMPLE CASE, F(3) = 3 + 2
= 5, WHICH HAPPENS TO BE THE SAME. THE POWER OF LIMITS BECOMES EVIDENT WHEN DIRECT SUBSTITUTION ISN'T SO



STRAIGHTFORW ARD.

ForMAL DEFINITION OF A LIMIT

\W/HILE THE INTUITIVE UNDERSTANDING IS HELPFUL, MATHEMATICIANS HAVE A PRECISE WAY OF DEFINING LIMITS, KNOWN AS THE
EPSILON-DELTA DEFINITION. THIS DEFINITION PROVIDES RIGOR AND ALLOWS US TO PROVE LIMIT STATEMENTS MATHEMATICALLY.
IT STATES THAT THE LIMIT OF F(X) AS X APPROACHES C Is L, WRITTEN AS LIM_{x[] ¢} F(x) =L, IF FOR EVERY NUMBER E > O
(EPSILON, A SMALL POSITIVE NUMBER), THERE EXISTS A NUMBER A > O (DELTA, ANOTHER SMALL POSITIVE NUMBER) SUCH THAT
FO<|x-cl<a, THen [F(x) - L <E.

LET’S BREAK DOWN THIS FORMAL DEFINITION. THE E (EPSILON) REPRESENTS AN ARBITRARY SMALL TOLERANCE AROUND THE LIMIT
VALUE L. THE A (DELTA) REPRESENTS A CORRESPONDING SMALL TOLERANCE AROUND THE INPUT VALUE C. THE CONDITION O <
IX - c| < A MEANS THAT WE ARE CONSIDERING INPUT VALUES X THAT ARE CLOSE TO C BUT NOT EQUAL TO C. THE CONDITION
[F(x) - L| < € MEANS THAT THE FUNCTION'S OUTPUT F(X) IS CLOSE TO L WITHIN THE SPECIFIED TOLERANCE E. ESSENTIALLY, NO
MATTER HOW SMALL A TOLERANCE YOU SET FOR THE OUTPUT (E), YOU CAN ALWAYS FIND A RANGE AROUND THE INPUT (a)
SUCH THAT ALL VALUES WITHIN THAT INPUT RANGE PRODUCE OUTPUTS WITHIN THE SPECIFIED OUTPUT TOLERANCE.

THIS EPSILON-DELTA DEFINITION ENSURES THAT AS X GETS ARBITRARILY CLOSE TO C, F(X) GETS ARBITRARILY CLOSE TO L. IT’s
A WAY OF QUANTIFYING " CLOSENESS.” |F WE CAN ALWAYS FIND A A FOR ANY GIVEN E, THEN WE'VE RIGOROUSLY PROVEN THAT
THE LIMIT EXISTS AND IS INDEED L. THIS FORMAL APPROACH IS WHAT ALLOWS MATHEMATICIANS TO BUILD THE ENTIRE EDIFICE
OF CALCULUS UPON SOLID GROUND.

TypPes oF LIMITS

LIMITS CAN MANIFEST IN SEVERAL DIFFERENT WAYS, LEADING TO VARIOUS CLASSIFICATIONS. UNDERSTANDING THESE
DISTINCTIONS HELPS IN ANALYZING FUNCTION BEHAVIOR MORE EFFECTIVELY. WE OFTEN ENCOUNTER ONE-SIDED LIMITS, LIMITS AT
INFINITY, AND INFINITE LIMITS.

ONEe-SIDED LIMITS

ONE-SIDED LIMITS EXAMINE THE BEHAVIOR OF A FUNCTION AS THE INPUT APPROACHES A SPECIFIC VALUE FROM ONLY ONE
DIRECTION. THERE ARE TWO TYPES: THE LEFT-HAND LIMIT AND THE RIGHT-HAND LIMIT. THE LEFT-HAND LIMIT, DENOTED AS
LM_{xP] <7} F(x), DESCRIBES THE VALUE F(X) APPROACHES AS X APPROACHES C FROM VALUES LESS THAN C. CONVERSELY,
THE RIGHT-HAND LIMIT, DENOTED AS LIM_{x[F] c*} F(x), DESCRIBES THE VALUE F(X) APPROACHES AS X APPROACHES C FROM
VALUES GREATER THAN C.

THE EXISTENCE OF A TWO-SIDED LIMIT (THE STANDARD LIMIT WE DISCUSSED EARLIER) RELIES ON THE EQUALITY OF ITS ONE-

SIDED LIMITS. THAT 1S, LiIM_{x[] ¢} F(x) =L IF AND onLY IF LiM_{x[] ¢ }F(x) =L ano um_{x[] c*}r(x) = L. IF THESE ONE-
SIDED LIMITS ARE DIFFERENT, THE TWO-SIDED LIMIT DOES NOT EXIST. THIS CONCEPT IS PARTICULARLY USEFUL WHEN DEALING

WITH FUNCTIONS THAT HAVE “JUMPS” OR PIECEWISE DEFINITIONS.

LiMITS AT INFINITY

LIMITS AT INFINITY EXPLORE THE BEHAVIOR OF A FUNCTION AS ITS INPUT GROWS INFINITELY LARGE (POSITIVE OR NEGATIVE).

THIS IS WRITTEN AS LIM_{x[] JE(x) orLiM_{xP -} }F(x). THESE LIMITS HELP US UNDERSTAND THE LONG-TERM TREND OF A
FUNCTION, OFTEN REVEALING HORIZONTAL ASYMPTOTES. FOR EXAMPLE, AS X GETS VERY, VERY LARGE, DOES THE FUNCTION

F(X) APPROACH A SPECIFIC NUMBER, OR DOES IT CONTINUE TO INCREASE OR DECREASE WITHOUT BOUND?



A COMMON SCENARIO FOR LIMITS AT INFINITY INVOLVES RATIONAL FUNCTIONS. FOR INSTANCE, CONSIDER F(x) = (3x2 + 1) /
(x2 - 4). As X APPROACHES INFINITY, THE TERMS WITH THE HIGHEST POWER OF X DOMINATE THE BEHAVIOR OF THE FUNCTION.
IN THIS CASE, BOTH THE NUMERATOR AND DENOMINATOR BEHAVE LIKE 3X2 AND X2, RESPECTIVELY, FOR VERY LARGE X. THUS,
THE RATIO APPROACHES 3x2/x2 = 3. So, LiM_{x[] } F(x) = 3, INDICATING A HORIZONTAL ASYMPTOTE AT Y = 3.

INFINITE LIMITS

AN INFINITE LIMIT OCCURS WHEN THE FUNCTION'S OUTPUT GROWS WITHOUT BOUND (EITHER POSITIVELY OR NEGATIVELY) AS
THE INPUT APPROACHES A CERTAIN VALUE. THIS IS INDICATED BY LIM_{X[] c}F(x) =[] orLM_{xP] c}r(x)=-F .INFINITE
LIMITS ARE OFTEN ASSOCIATED WITH VERTICAL ASYMPTOTES. FOR EXAMPLE, CONSIDER THE FUNCTION G(X) = 1/x2. As X
APPROACHES O (FROM EITHER THE LEFT OR THE RIGHT), X? BECOMES A VERY SMALL POSITIVE NUMBER, AND ITS RECIPROCAL,
1/x%2, BECOMES A VERY LARGE POSITIVE NUMBER. THUS, LIM_{x[F] 0} a(x) =[] .

IT'S IMPORTANT TO DISTINGUISH BETWEEN A FUNCTION APPROACHING INFINITY AND A LIMIT NOT EXISTING. IN AN INFINITE LIMIT,
THE BEHAVIOR IS PREDICTABLE: IT'S HEADING TOWARDS POSITIVE OR NEGATIVE INFINITY. A LIMIT CAN ALSO “NOT EXIST” IN
OTHER WAYS, SUCH AS WHEN THE FUNCTION OSCILLATES WILDLY OR WHEN THE ONE-SIDED LIMITS ARE DIFFERENT, AS MENTIONED
BEFORE.

LiMITS AND FUNCTION BEHAVIOR

THE CONCEPT OF A LIMIT IS INTIMATELY TIED TO UNDERSTANDING HOW FUNCTIONS BEHAVE, PARTICULARLY AROUND SPECIFIC
POINTS OR AS INPUTS BECOME VERY LARGE OR VERY SMALL. BY ANALYZING LIMITS, WE CAN GAIN PROFOUND INSIGHTS INTO A
FUNCTION'S CHARACTERISTICS.

CoNTINUITY

ONE OF THE MOST DIRECT APPLICATIONS OF LIMITS IS IN DEFINING CONTINUITY. A FUNCTION F(X) IS CONSIDERED CONTINUOUS

AT A POINT C IF THREE CONDITIONS ARE MET: 1) F(c) 1s DEFINED, 2) LiM_{x[] ¢} F(x) exisTs, anD 3) LiM_{x[] ¢} F(x) = F(c).
IN SIMPLER TERMS, A FUNCTION IS CONTINUOUS AT A POINT IF YOU CAN DRAW ITS GRAPH THROUGH THAT POINT WITHOUT
LIFTING YOUR PEN. THE LIMIT EXISTING AND EQUALING THE FUNCTION'S ACTUAL VALUE AT THAT POINT ARE THE CRUCIAL
INGREDIENTS FOR CONTINUITY.

IF ANY OF THESE CONDITIONS FAIL, THE FUNCTION HAS A DISCONTINUITY AT C. LIMITS HELP US CATEGORIZE THESE
DISCONTINUITIES. FOR INSTANCE, A REMOV ABLE DISCONTINUITY OCCURS WHEN LIM_{x[] ¢} F(x) ExiSTS BUT EITHER F(C) IS
UNDEFINED OR LIM_{XP] ¢} F(x) # F(c). THIS IS LIKE HAVING A “HOLE” IN THE GRAPH THAT COULD BE “FILLED” IF THE FUNCTION
WERE DEFINED DIFFERENTLY AT THAT SINGLE POINT. A JUMP DISCONTINUITY OCCURS WHEN THE LEFT-HAND AND RIGHT-HAND
LIMITS EXIST BUT ARE NOT EQUAL, AS SEEN IN PIECEWISE FUNCTIONS.

ASYMPTOTES

AS WE TOUCHED UPON WITH LIMITS AT INFINITY AND INFINITE LIMITS, LIMITS ARE FUNDAMENTAL TO IDENTIFYING AND
UNDERSTANDING ASYMPTOTES. HORIZONTAL ASYMPTOTES DESCRIBE THE BEHAVIOR OF A FUNCTION AS X APPROACHES POSITIVE
OR NEGATIVE INFINITY, INDICATING THE Y-VALUE THE FUNCTION APPROACHES. VERTICAL ASYMPTOTES OCCUR AT X-VALUES
WHERE THE FUNCTION'S OUTPUT APPROACHES INFINITY OR NEGATIVE INFINITY, OFTEN WHERE THE DENOMINATOR OF A RATIONAL
FUNCTION BECOMES ZERO.

FOR EXAMPLE, THE FUNCTION F(x) = 1/(X-2) HAS A VERTICAL ASYMPTOTE AT X = 2 BECAUSE AS X APPROACHES 2, THE



DENOMINATOR APPROACHES O, CAUSING THE FUNCTION'S VALUE TO BECOME INFINITELY LARGE. THE LIMIT LIM_{x[F] 2%} 1/(x-2)
= AND LIM_{xP] 273} 1/(x-2) = -} . THESE ASYMPTOTES ARE CRUCIAL VISUAL CUES FOR SKETCHING GRAPHS AND
UNDERSTANDING A FUNCTION'S DOMAIN AND RANGE LIMITATIONS.

LiMiTs IN CALCULUS

CALCULUS, THE STUDY OF CHANGE, IS BUILT ALMOST ENTIRELY UPON THE CONCEPT OF LIMITS. W ITHOUT LIMITS, THE CORE
IDEAS OF DERIVATIVES AND INTEGRALS WOULD SIMPLY NOT EXIST IN THEIR CURRENT FORM.

DerIVATIVES: THE INSTANTANEOUS RATE OF CHANGE

THE DERIVATIVE OF A FUNCTION AT A POINT REPRESENTS ITS INSTANTANEOUS RATE OF CHANGE — ESSENTIALLY, THE SLOPE OF
THE TANGENT LINE TO THE FUNCTION'S GRAPH AT THAT POINT. THE FORMAL DEFINITION OF THE DERIVATIVE, F'(X), IS GIVEN BY
ALMT: F'(x) =umM_{HF] 03 [F(x + H) - F(x)] / H. HERE, 'H’ REPRESENTS A SMALL CHANGE IN X. WE ARE LOOKING AT THE
AVERAGE RATE OF CHANGE OVER AN INCREASINGLY SMALL INTERVAL AND SEEING WHAT VALUE THAT AVERAGE RATE
APPROACHES AS THE INTERVAL SHRINKS TO ZERO.

THIS LIMIT DEFINITION ALLOWS US TO MOVE BEYOND CALCULATING AVERAGE RATES OF CHANGE OVER INTERVALS TO FINDING
THE PRECISE RATE OF CHANGE AT A SINGLE INSTANT. |T’S THIS ABILITY TO HANDLE INSTANTANEOUS CHANGE THAT POWERS
APPLICATIONS IN PHYSICS, ENGINEERING, ECONOMICS, AND COUNTLESS OTHER FIELDS. For INSTANCE, IF A FUNCTION DESCRIBES
THE POSITION OF AN OBJECT OVER TIME, ITS DERIVATIVE DESCRIBES THE OBJECTIS VELOCITY AT ANY GIVEN MOMENT.

INTEGRALS: THE AREA UNDER THE CURVE

INTEGRALS, ON THE OTHER HAND, ARE CONCERNED WITH ACCUMULATION AND FINDING THE AREA UNDER A CURVE. THE DEFINITE
INTEGRAL OF A FUNCTION F(X) FROM A TO B, DENOTED AS [} [A To B] F(X) DX, IS DEFINED AS A LIMIT OF RIEMANN SUMS. A
RIEMANN SUM APPROXIMATES THE AREA UNDER THE CURVE BY DIVIDING IT INTO MANY NARROW RECTANGLES AND SUMMING THEIR
AREAS. THE DEFINITE INTEGRAL IS THE LIMIT OF THESE SUMS AS THE NUMBER OF RECTANGLES APPROACHES INFINITY, MAKING THE
WIDTH OF EACH RECTANGLE APPROACH ZERO.

LiM_{nP] }Z0=1 ToN] F(XF] ) AX, WHERE AX IS THE WIDTH OF EACH RECTANGLE AND X[?] IS A POINT WITHIN EACH
SUBINTERVAL. THIS LIMIT ALLOWS US TO CALCULATE THE EXACT AREA UNDER A CURVE, WHICH HAS APPLICATIONS IN FINDING
VOLUMES, WORK DONE, DISPLACEMENT FROM VELOCITY, AND MUCH MORE. THE FUNDAMENTAL THEOREM OF CALCULUS
ELEGANTLY CONNECTS THE CONCEPTS OF DIFFERENTIATION AND INTEGRATION, SHOWING THEY ARE INVERSE OPERATIONS, ALL
UNDERPINNED BY THE POWER OF LIMITS.

ReAaL-\W ORLD APPLICATIONS OF LIMITS

THE ABSTRACT CONCEPT OF A LIMIT FINDS SURPRISINGLY PRACTICAL APPLICATIONS IN VARIOUS REAL-WORLD SCENARIOS. |T's
NOT JUST A THEORETICAL TOOL, IT HELPS US MODEL AND UNDERSTAND PHENOMENA IN THE PHYSICAL AND COMPUTATIONAL
\WORLDS.

® PHYSICS: LIMITS ARE ESSENTIAL IN CALCULATING INSTANTANEOUS VELOCITY AND ACCELERATION, UNDERSTANDING THE
BEHAVIOR OF PHYSICAL SYSTEMS UNDER EXTREME CONDITIONS (LIKE IN BLACK HOLES OR AT THE BEGINNING OF THE
UNIVERSE), AND MODELING PHENOMENA LIKE RADIOACTIVE DECAY AND FLUID DYNAMICS.



® ENGINEERING: ENGINEERS USE LIMITS TO DESIGN STABLE STRUCTURES, ANALYZE STRESS AND STRAIN, OPTIMIZE CONTROL
SYSTEMS, AND UNDERSTAND THE PERFORMANCE OF ELECTRICAL CIRCUITS AS COMPONENTS APPROACH IDEAL STATES.

o COMPUTER SCIENCE: IN ALGORITHM ANALYSIS, LIMITS ARE USED TO DESCRIBE THE ASYMPTOTIC BEHAVIOR OF
ALGORITHMS, PREDICTING HOW THEIR RUNTIME OR MEMORY USAGE WILL SCALE WITH INCREASING INPUT SIZE.

* ECoNOMICS: ECONOMISTS USE LIMITS TO MODEL MARGINAL COST AND REVENUE, ANALYZE MARKET EQUILIBRIUM, AND
UNDERSTAND LONG-TERM ECONOMIC TRENDS.

® STATISTICS: LIMITS ARE FOUNDATIONAL FOR UNDERSTANDING PROBABILITY DISTRIBUTIONS AND STATISTICAL INFERENCE,
ESPECIALLY IN THEOREMS LIKE THE CENTRAL LIMIT THEOREM.

THESE EXAMPLES HIGHLIGHT HOW LIMITS PROVIDE THE MATHEMATICAL FRAMEWORK TO ANALYZE SITUATIONS THAT INVOLVE
APPROACHING A SPECIFIC STATE OR CONDITION, WHETHER IT'S AN INFINITESIMAL MOMENT IN TIME OR AN UNBOUNDED SCALE.

CoMMON MISCONCEPTIONS ABOUT LIMITS

DESPITE ITS FUNDAMENTAL NATURE, THE CONCEPT OF A LIMIT CAN SOMETIMES BE MISUNDERSTOOD. ADDRESSING THESE COMMON
MISCONCEPTIONS CAN SOLIDIFY ONE'S UNDERSTANDING.

¢ “THE LIMIT IS JUST THE VALUE OF THE FUNCTION AT THAT POINT.” THIS IS TRUE FOR CONTINUOUS FUNCTIONS, BUT IT'S
NOT THE DEFINITION OF A LIMIT. THE LIMIT DESCRIBES WHAT THE FUNCTION APPROACHES, WHICH MAY OR MAY NOT BE
THE ACTUAL VALUE AT THAT POINT, ESPECIALLY IF THE FUNCTION HAS A HOLE OR A JUMP THERE.

* “IF THE LIMIT EXISTS, THE FUNCTION MUST BE DEFINED AT THAT POINT.” NOT NECESSARILY. A FUNCTION CAN HAVE A
LIMIT AT A POINT WHERE IT IS UNDEFINED, SUCH AS A REMOVABLE DISCONTINUITY (A HOLE IN THE GRAPH).

o “THE LIMIT MUST BE A FINITE NUMBER.” \W/HILE OFTEN THE CASE, LIMITS CAN ALSO BE INFINITE (APPROACHING [F] OR -] )
INDICATING THAT THE FUNCTION GROWS WITHOUT BOUND.

1

e “THE FUNCTION MUST GET ARBITRARILY CLOSE TO THE LIMIT FROM BOTH SIDES SIMULTANEOUSLY.” THE DEFINITION
REQUIRES THAT FOR ANY E, THERE EXISTS A A. THIS APPLIES TO VALUES ON EITHER SIDE OF C,BUTIT DOESN'T REQUIRE
THE FUNCTION TO REACH THE LIMIT VALUE AT THE SAME “PACE” FROM THE LEFT AND THE RIGHT. THE OVERALL TREND
MATTERS.

CLARIFYING THESE POINTS HELPS TO REINFORCE THE PRECISE MEANING AND POWER OF THE LIMIT CONCEPT IN MATHEMATICAL
ANALYSIS AND ITS DIVERSE APPLICATIONS.












Q: WHAT IS THE DIFFERENCE BETWEEN A LIMIT AND THE VALUE OF A FUNCTION AT A
POINT?

A: THE VALUE OF A FUNCTION AT A POINT, F(C)/ IS THE ACTUAL OUTPUT OF THE FUNCTION WHEN THE INPUT IS EXACTLY C.
THE LIMIT OF A FUNCTION AS X APPROACHES C, LIM_{X C} F(X)/ DESCRIBES THE VALUE THAT THE FUNCTION’S OUTPUT GETS
ARBITRARILY CLOSE TO AS THE INPUT X GETS ARBITRARILY CLOSE TO C, BUT NOT NECESSARILY EQUAL TO C. For conTINUOUS
FUNCTIONS, THESE TWO VALUES ARE THE SAME. HO\X/EVER, FOR DISCONTINUOUS FUNCTIONS, THEY CAN DIFFER, OR THE
FUNCTION MIGHT BE UNDEFINED AT C WHILE STILL HAVING A LIMIT.

Q: CAN A FUNCTION HAVE A LIMIT AT A POINT WHERE IT IS UNDEFINED?

A: YES, ABSOLUTELY. THIS IS A KEY ASPECT OF UNDERSTANDING LIMITS. A COMMON EXAMPLE IS A FUNCTION WITH A

REMOV ABLE DISCONTINUITY (A “HOLE” IN THE GRAPH). FOR INSTANCE, THE FUNCTION F(x) = (x2 - 1) / (x = 1) IS UNDEFINED
AT X = 1 BECAUSE IT WOULD INVOLVE DIVISION BY ZERO. HOWEVER, FOR X # 1, WE CAN SIMPLIFY F(x) To X + 1. As X
APPROACHES 1 FROM EITHER SIDE, F(X) APPROACHES 1 + 1 = 2. THereFore, LIM_{xF] 1} F(x) = 2, even THouaH F(1) Is
UNDEFINED.

Q: WHAT DOES IT MEAN FOR A LIMIT TO “NOT EXIST"?

A: A uMiIT “poes NOT exiST” (DNE) IF THE FUNCTION DOES NOT APPROACH A SINGLE, SPECIFIC VALUE AS THE INPUT
APPROACHES A CERTAIN POINT. THIS CAN HAPPEN IN SEVERAL WAYS: IF THE LEFT-HAND LIMIT AND THE RIGHT-HAND LIMIT ARE
NOT EQUAL, IF THE FUNCTION OSCILLATES INFINITELY OFTEN NEAR THE POINT, OR IF THE FUNCTION'S VALUES GROW WITHOUT
BOUND (APPROACHING INFINITY) WITHOUT SETTLING ON A SPECIFIC NUMBER.

Q: How ARE LIMITS USED TO DEFINE CONTINUITY?

A: A FUNCTION F(X) IS CONTINUOUS AT A POINT C IF THREE CONDITIONS ARE MeT: 1. F(C) IS DEFINED (THE FUNCTION HAS A
VALUE AT C). 2. THE LIMIT of F(X) AS X APPROACHES C EXISTS (LIM_{x[] ¢} F(x) =L For soMe VALUE L). 3. THE LIMIT
EQUALS THE FUNCTION'S VALUE AT THAT POINT (L = F(c)). ESSENTIALLY, FOR A FUNCTION TO BE CONTINUOUS AT A POINT,
ITS GRAPH MUST BE UNBROKEN AT THAT POINT, MEANING THE LIMIT FROM THE LEFT, THE LIMIT FROM THE RIGHT, AND THE ACTUAL
FUNCTION VALUE ALL COINCIDE.

Q: \NWHY IS THE EPSILON-DELTA DEFINITION OF A LIMIT IMPORTANT?

A: THE EPSILON-DELTA DEFINITION IS CRUCIAL BECAUSE IT PROVIDES A RIGOROUS, FORMAL, AND UNAMBIGUOUS WAY TO DEFINE
LIMITS. WHILE INTUITIVE EXPLANATIONS HELP GRASP THE CONCEPT, THE EPSILON-DELTA DEFINITION ALLOWS MATHEMATICIANS
TO PROVE THEOREMS, CONSTRUCT THE FOUNDATIONS OF CALCULUS, AND ANALYZE FUNCTION BEHAVIOR WITH ABSOLUTE
PRECISION. |T REMOVES ANY SUBJECTIVITY ASSOCIATED WITH TERMS LIKE “cLoSE To.”

Q: WHAT IS THE RELATIONSHIP BETWEEN LIMITS AT INFINITY AND HORIZONTAL
ASYMPTOTES?

A: THE LIMIT OF A FUNCTION F(X) AS X APPROACHES POSITIVE OR NEGATIVE INFINITY (LIM_{X[] JE(x) oruiM_{xP -} }r(x))
TELLS US ABOUT THE HORIZONTAL ASYMPTOTE OF THE FUNCTION. IF THIS LIMIT EQUALS A FINITE NUMBER L, THEN THE LINE Y =

L IS A HORIZONTAL ASYMPTOTE, MEANING THE GRAPH OF THE FUNCTION GETS CLOSER AND CLOSER TO THIS LINE AS THE INPUT
VALUES BECOME VERY LARGE IN MAGNITUDE.

QI How DO LIMITS HELP US UNDERSTAND THE INSTANTANEOUS RATE OF CHANGE?

A: THE DERIVATIVE, WHICH MEASURES THE INSTANTANEOUS RATE OF CHANGE OF A FUNCTION, IS DEFINED USING A LIMIT.
SPECIFICALLY, IT'S THE LIMIT OF THE AVERAGE RATE OF CHANGE AS THE INTERVAL OVER WHICH THE CHANGE IS MEASURED
SHRINKS TO ZERO. THIS LIMIT ALLOWS US TO CALCULATE THE PRECISE RATE OF CHANGE AT A SINGLE POINT, RATHER THAN AN



AVERAGE OVER AN INTERVAL.
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