PHYSICS WITH CALCULUS 1

PHysics wiTH CALcULUS 1: MASTERING THE FUNDAMENTALS

PHYSICS WITH CALCULUS 1 FORMS THE BEDROCK FOR UNDERSTANDING THE PHYSICAL WORLD AROUND US WITH A LEVEL OF
PRECISION AND INSIGHT PREVIOUSLY UNATTAINABLE. THIS FOUNDATIONAL COURSE BRIDGES THE GAP BETWEEN CONCEPTUAL
PHYSICS AND THE QUANTITATIVE DESCRIPTIONS THAT GOVERN PHENOMENA , FROM THE SIMPLE MOTION OF A PROJECTILE TO THE
INTRICATE DYNAMICS OF ROTATING OBJECTS. \WE'LL DELVE INTO HOW DIFFERENTIAL AND INTEGRAL CALCULUS PROVIDE THE
ESSENTIAL TOOLS TO ANALYZE CHANGING QUANTITIES, CALCULATE ACCUMULATED EFFECTS, AND DERIVE FUNDAMENTAL LAWS
OF MOTION. THIS ARTICLE WILL GUIDE YOU THROUGH THE CORE CONCEPTS, HIGHLIGHTING THE INDISPENSABLE ROLE OF
CALCULUS IN UNLOCKING DEEPER PHYSICAL UNDERSTANDING AND PREPARING YOU FOR MORE ADVANCED STUDIES.
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THe EssenTiAL RoLeE oF CALcULUS IN PHYSICS

WHY DO WE NEED CALCULUS TO STUDY PHYSICS? IT'S A QUESTION MANY STUDENTS GRAPPLE WITH AS THEY FIRST
ENCOUNTER THIS POWERFUL COMBINATION. THE SIMPLE ANSWER IS THAT MOST PHYSICAL QUANTITIES ARE NOT STATIC, THEY
CHANGE OVER TIME OR SPACE. THINK ABOUT ACCELERATION = IT'S THE RATE AT WHICH VELOCITY CHANGES. VELOCITY ITSELF
IS THE RATE AT WHICH POSITION CHANGES. THESE “RATES OF CHANGE” ARE PRECISELY WHAT DIFFERENTIAL CALCULUS IS
DESIGNED TO DESCRIBE AND ANALYZE. W ITHOUT CALCULUS, OUR DESCRIPTIONS OF MOTION \WOULD BE LIMITED TO AVERAGE
VALUES OVER DISCRETE INTERVALS, MISSING THE NUANCED, INSTANTANEOUS BEHAVIOR THAT TRULY GOVERNS PHYSICAL
SYSTEMS. CALCULUS ALLOWS US TO ZOOM IN ON THE INFINITESIMAL, TO UNDERSTAND HOW THINGS BEHAVE AT A SPECIFIC
MOMENT OR OVER AN INFINITESIMALLY SMALL DISTANCE.

INTEGRAL CALCULUS, ON THE OTHER HAND, HELPS US ACCUMULATE THESE INFINITESIMAL CHANGES. IF WE KNOW THE VELOCITY
AT EVERY INSTANT, HOW DO WE FIND THE TOTAL DISTANCE TRAVELED? WE INTEGRATE THE VELOCITY FUNCTION OVER TIME.
THIS PROCESS OF SUMMATION OF INFINITELY MANY SMALL PIECES IS THE ESSENCE OF INTEGRATION. IN PHYSICS, THIS
TRANSLATES TO CALCULATING WORK DONE BY A VARYING FORCE, FINDING THE TOTAL IMPULSE FROM A CHANGING FORCE, OR
DETERMINING THE CENTER OF MASS OF A CONTINUOUS OBJECT. ESSENTIALLY, CALCULUS TRANSFORMS PHYSICS FROM A
DESCRIPTIVE SCIENCE INTO A PREDICTIVE AND ANALYTICAL POWERHOUSE, ENABLING US TO FORMULATE PRECISE MATHEMATICAL
MODELS FOR PHYSICAL REALITY.

KINEMATICS: DESCRIBING MOTION WITH DERIVATIVES AND INTEGRALS

KINEMATICS IS THE BRANCH OF MECHANICS THAT DESCRIBES THE MOTION OF OBJECTS WITHOUT CONSIDERING THE FORCES THAT
CAUSE THE MOTION. IT'S ALL ABOUT POSITION, VELOCITY, AND ACCELERATION. AND GUESS WHAT? CALCULUS IS THE SECRET
SAUCE THAT MAKES OUR KINEMATIC DESCRIPTIONS TRULY POWERFUL. |[F YOU HAVE A FUNCTION REPRESENTING AN OBJECT'S
POSITION, SAY $X(T)$, THEN ITS VELOCITY, $V(T)$, IS SIMPLY THE FIRST DERIVATIVE OF THE POSITION FUNCTION WITH
ResPeCT To TIME: $Vv(T) = \rrRac{DoXx}{DT}$. THIS TELLS US THE INSTANTANEOUS RATE OF CHANGE OF POSITION — HOW FAST
THE OBJECT IS MOVING AND IN WHAT DIRECTION AT ANY GIVEN MOMENT.

BUT WHAT ABOUT ACCELERATION? ACCELERATION, $A(T)$, IS THE RATE OF CHANGE OF VELOCITY. SO, IT'S THE FIRST
DERIVATIVE OF THE VELOCITY FUNCTION, OR, MORE IMPORTANTLY FOR KINEMATICS, THE SECOND DERIVATIVE OF THE POSITION



FuNcTION: $A(T) = \Frrac{ov}{DT} = \rrAc{D" 2x3}{DT"2}$. THIS ALLOWS US TO ANALYZE HOW AN OBJECT'S SPEED OR
DIRECTION IS CHANGING. FOR INSTANCE, IF YOU'RE ANALYZING FREE FALL UNDER CONSTANT GRAVITY, THE ACCELERATION IS A
CONSTANT NEGATIVE VALUE. UNDERSTANDING THESE RELATIONSHIPS LETS US MOVE BEYOND SIMPLE CONSTANT VELOCITY OR
ACCELERATION SCENARIOS. \WE CAN ANALYZE SITUATIONS WHERE VELOCITY OR ACCELERATION ARE FUNCTIONS OF TIME, AND
CALCULUS GIVES US THE EXACT TOOLS TO DO SO.

FROM ACCELERATION TO VELOCITY AND POSITION

JUST AS DIFFERENTIATION ALLOWS US TO FIND VELOCITY AND ACCELERATION FROM POSITION, INTEGRATION ALLOWS US TO
WORK BACKWARD. |F YOU KNOW THE ACCELERATION FUNCTION, $A(T)$, YOU CAN FIND THE VELOCITY FUNCTION, $v(T)$, BY
INTEGRATING $A(T)$ WITH RESPECT To TIME: $Vv(T) = \INT A(T) DT$. REMEMBER, INTEGRATION INTRODUCES A CONSTANT OF
INTEGRATION, WHICH TYPICALLY CORRESPONDS TO AN INITIAL CONDITION, LIKE THE INITIAL VELOCITY ($v_0%) AT TIME
$7=0%. SIMILARLY, IF YOU KNOW THE VELOCITY FUNCTION, $V(T)$, YOU CAN FIND THE POSITION FUNCTION, $x(T)$, BY
INTEGRATING $v(T)$ WITH RESPECT TO TIME: $X(T) = \INT V(T) DT$. AGAIN, THIS INTRODUCES ANOTHER CONSTANT OF
INTEGRATION, WHICH REPRESENTS THE INITIAL POSITION ($x_0%) AT $7=0%. THIS PROCESS OF INTEGRATION IS FUNDAMENTAL
FOR SOLVING PROBLEMS INVOLVING VARYING FORCES OR COMPLEX MOTION PATTERNS. |T°S HOW WE CAN PREDICT WHERE AN
OBJECT WILL BE AFTER A CERTAIN TIME, GIVEN ITS ACCELERATION AND INITIAL CONDITIONS.

ANALYZING PROJECTILE MOTION

PROJECTILE MOTION IS A CLASSIC EXAMPLE WHERE CALCULUS SHINES. \WHEN AN OBJECT IS LAUNCHED INTO THE AIR, ITS MOTION
CAN BE DESCRIBED BY ITS HORIZONTAL AND VERTICAL COMPONENTS. THE HORIZONTAL MOTION, NEGLECTING AIR RESISTANCE,
HAS CONSTANT VELOCITY. THE VERTICAL MOTION, HOWEVER, IS SUBJECT TO CONSTANT DOWNWARD ACCELERATION DUE TO
GRAVITY. USING OUR KINEMATIC EQUATIONS DERIVED WITH CALCULUS, WE CAN DETERMINE THE TRAJECTORY OF THE PROJECTILE,
ITS MAXIMUM HEIGHT, AND ITS RANGE. FOR EXAMPLE, IF WE SET UP OUR COORDINATE SYSTEM WITH THE Y-AXIS POINTING
UPWARDS, THE ACCELERATION IN THE Y-DIRECTION IS $A_Y = -G$, WHERE $G%$ IS THE ACCELERATION DUE TO GRAVITY
(APPROXIMATELY 9.8 M/s2). INTEGRATING THIS GIVES US $v_Y(T) = v_{0vY} - GT$, AND INTEGRATING AGAIN GIVES US
$v(1) =v_0+v_{0v}7 - \FrrRAc{ 1}{2}GT"2$. THESE ARE THE FAMILIAR KINEMATIC EQUATIONS, BUT THEIR RIGOROUS
DERIVATION AND APPLICATION TO MORE COMPLEX SCENARIOS (LIKE WHEN GRAVITY ISN'T CONSTANT OR THERE'S AIR
RESISTANCE) FUNDAMENTALLY RELY ON CALCULUS.

NewToN's LAwS oF MoTioN aAnD CALCULUS

SIR ISAAC NEWTON'S LAWS OF MOTION ARE THE CORNERSTONES OF CLASSICAL MECHANICS, AND WHILE NEW TON DEVELOPED
CALCULUS, THE MODERN FORMULATION OF THESE LAWS, ESPECIALLY THE SECOND LAW, IS DEEPLY INTERTWINED WITH
CALCULUS. NEWTON’'S SECOND LAW STATES THAT THE NET FORCE ACTING ON AN OBJECT IS EQUAL TO THE RATE OF CHANGE OF
ITs MoMeNTUM: $\VEC{F} {NeT} = \rrAc{D\VEc{P}}{DT}$. MoMenTUM ($\VEC{P}$) ITSELF IS DEFINED AS MASS ($M$) TIMES
veLoaiTy ($\vec{v}$): $\vec{r} = M\vec{Vv}$. So, THE EQUATION BECOMES $\VEC{F} {NET} =
\rrac{o(M\vec{v})}HbT}$.

IN MANY INTRODUCTORY PHYSICS PROBLEMS, THE MASS OF THE OBJECT IS ASSUMED TO BE CONSTANT. IN SUCH CASES, WE CAN
PULL THE MASS ouT oF THE DERIVATIVE: $\VEC{F} {NeT} = M\rrac{D\Vvec{V]}}{DT}$. AnD since $\rrac{D\vec{Vv}}{DT}$
IS THE ACCELERATION ($\vEc{A}$), THIS SIMPLIFIES TO THE MORE COMMONLY kNOWN FORM: $\VEC{F} {NeT} = M\vEC{Aa}$.
THIS EQUATION IS FUNDAMENTAL FOR ANALYZING HOW FORCES CAUSE CHANGES IN MOTION. |T TELLS US THAT A NET FORCE
WILL CAUSE AN OBJECT TO ACCELERATE, AND THE ACCELERATION IS DIRECTLY PROPORTIONAL TO THE FORCE AND INVERSELY
PROPORTIONAL TO THE MASS. THIS IS A POWERFUL STATEMENT ABOUT CAUSE AND EFFECT IN THE PHYSICAL WORLD.



DEALING WITH VARIABLE MASS SYSTEMS

HOWEVER, THE BEAUTY OF THE MOMENTUM FORM OF NEwTON’S SECOND LAW ($\Vvec{F}_{neT} = \rrac{D\vec{r}}{DT}$)
BECOMES EVEN MORE APPARENT WHEN WE CONSIDER SYSTEMS WHERE MASS IS NOT CONSTANT. THINK ABOUT A ROCKET
EXPELLING FUEL, OR A CONVEYOR BELT PICKING UP MATERIAL. IN THESE SCENARIOS, THE MASS OF THE SYSTEM IS CHANGING OVER
TIME. THE FULL FORM OF NEWTON’S SECOND LAW, INVOLVING THE DERIVATIVE OF MOMENTUM, IS ESSENTIAL FOR ACCURATELY
DESCRIBING THEIR MOTION. \WHEN MASS CHANGES, THE $M\VEC{A}$ FORM BECOMES INSUFFICIENT BECAUSE THE DERIVATIVE
$\rrac{p(M\vec{Vv})}{DT}$ REQUIRES APPLYING THE PRODUCT RULE OF DIFFERENTIATION: $\FRAC{D(M\VEC{V})}{DT} =
\rrac{omH{oTH\Vvec{v} + M\rrac{D\vec{Vv}}{oT}$. THE TerM $\FrAC{OM}{DTI\VEC{V}$ ACCOUNTS FOR THE MOMENTUM
CHANGE DUE TO THE MASS CHANGE ITSELF, AND THIS IS A CRUCIAL FACTOR THAT CALCULUS HANDLES ELEGANTLY.

IMPULSE AND MOMENTUM CHANGE

ANOTHER VITAL CONCEPT WHERE CALCULUS PLAYS A KEY ROLE IS IMPULSE. IMPULSE ($\VEC{J}$) IS DEFINED AS THE CHANGE IN
MOMENTUM OF AN OBJECT. MATHEMATICALLY, IT'S THE INTEGRAL OF THE NET FORCE OVER THE TIME INTERVAL DURING WHICH
THe ForCE ACTS: $\Vvec{J} = \DeLTa\vec{p} = \inT_{T_13"{7_23} \vec{F} {NeT}(T) DT$. THIS RELATIONSHIP IS
INCREDIBLY USEFUL, ESPECIALLY IN SITUATIONS INVOLVING LARGE FORCES ACTING OVER VERY SHORT PERIODS, LIKE COLLISIONS.
IF WE KNOW HOW THE FORCE VARIES WITH TIME DURING A COLLISION, WE CAN USE INTEGRATION TO CALCULATE THE TOTAL
IMPULSE DELIVERED AND, CONSEQUENTLY, THE CHANGE IN MOMENTUM OF THE COLLIDING OBJECTS. THIS ALLOWS US TO ANALYZE
CRASHES, IMPACTS, AND OTHER SHORT-DURATION EVENTS WITH PRECISION, OFTEN WITHOUT NEEDING TO KNOW THE EXACT
FORCE PROFILE MINUTE-BY-MINUTE, BUT RATHER ITS INTEGRAL EFFECT.

WoRrk, ENERGY, AND POWER: INTEGRATING FORCE OVER DISTANCE

THE CONCEPTS OF WORK, ENERGY, AND POWER ARE CENTRAL TO UNDERSTANDING HOW FORCES INTERACT WITH SYSTEMS AND
CAUSE CHANGES. CALCULUS PROVIDES THE RIGOROUS FRAMEWORK TO DEFINE AND CALCULATE THESE QUANTITIES,
PARTICULARLY WHEN FORCES ARE NOT CONSTANT.

\Work ($\W/$) DONE BY A FORCE IS DEFINED AS THE FORCE MULTIPLIED BY THE DISPLACEMENT IN THE DIRECTION OF THE FORCE.
BUT WHAT IF THE FORCE IS NOT CONSTANT OR THE DISPLACEMENT IS NOT ALONG A STRAIGHT LINE? THIS IS WHERE
INTEGRATION COMES IN. FOR A FORCE $\VEC{F}$ ACTING ON AN OBJECT THAT UNDERGOES A DISPLACEMENT ALONG A PATH C,
THE WORK DONE IS GIVEN BY THE LINE INTEGRAL: $W = \INT_C \vec{F} \cooT p\vec{r}$, wHere $0\vec{r}$ IS AN
INFINITESIMAL DISPLACEMENT VECTOR ALONG THE PATH. THIS INTEGRAL ALLOWS US TO SUM UP THE INFINITESIMAL
CONTRIBUTIONS OF THE FORCE ALONG THE ENTIRE PATH, REGARDLESS OF HOW COMPLEX THE PATH OR HOW VARIABLE THE
FORCE MIGHT BE. FOR A ONE-DIMENSIONAL CASE WITH A VARIABLE FORCE $F(X)$ ACTING OVER A DISPLACEMENT FROM $X_ 1%
TO $x_2%, work IS siIMPLY $W = \INT_{x_ 1}"{x_2} F(x) bx$. THIS IS THE DIRECT APPLICATION OF INTEGRATION TO FIND
THE ACCUMULATED EFFECT OF A FORCE OVER A DISTANCE.

THe W ORk-ENERGY THEOREM

THE W oRK-ENERGY THEOREM STATES THAT THE NET WORK DONE ON AN OBJECT IS EQUAL TO THE CHANGE IN ITS KINETIC
ENERGY. KINETIC ENERGY ($K$) IS DEFINED AS $K = \FrAac{ 13{23MVv"2%. UsING NEwTON'S SECOND LAW IN ITS $M\vEc{a}$
FORM AND THE DEFINITION OF WORK, WE CAN DERIVE THIS THEOREM. CONSIDER A CONSTANT FORCE $F$ CAUSING AN
ACCELERATION $A$ OVER A DISTANCE $\DELTA X$. WE kNOw $V_F"2 = v_1"2 + 2A\DELTA Xx$. ALsO, $W = F\DELTA X
= MA\DELTA x$. SUBSTITUTING $A\DELTA x = \rRAC{ T1H2}(V_F"2 - v_1"2)$, we GET $W =M \rrac{ 1}{2}(v_F"2 -
v_1"2) = \rRac{ 1H2IMv_F"2 - \rrac{ TH2IMv_1"2 =K_F-K_1 = \DeLTA K$. THIS SHOWS HOW THE CALCULUS-BASED
DEFINITION OF WORK LEADS DIRECTLY TO THE CHANGE IN KINETIC ENERGY. FOR VARIABLE FORCES, THE INTEGRAL DEFINITION OF
WORK IS CRUCIAL FOR THIS THEOREM TO HOLD UNIVERSALLY.



Power As A RATE oF WORk

Power ($P$) IS THE RATE AT WHICH WORK IS DONE. JUST AS VELOCITY IS THE RATE OF CHANGE OF POSITION, POWER IS THE
RATE OF CHANGE OF WORK WITH RESPECT TO TIME. MATHEMATICALLY, $P = \rRAC{DW/}{DT}$. IF WE CONSIDER THE
INSTANTANEOUS POWER DELIVERED BY A FORCE $\VEC{F}$ ACTING ON AN OBJECT MOVING WITH VELOCITY $\VEC{V]}$, IT CAN
BE EXPRESSED AS THE DOT PRODUCT OF THE FORCE AND VELOCITY: $P = \vec{F} \cooT \vec{v}$. THIS RELATIONSHIP
ARISES FROM COMBINING THE DEFINITIONS: $P = \Frac{pW/ }{pT} = \rrAc{DHDTI\INT \VEC{F} \cooT p\vec{r})$. For AN
INFINITESIMAL DISPLACEMENT $0\VEC{R} = \vec{v} pT$, we ceT $P = \rrac{o}{oT}(\iNT \vec{F} \cooT \vec{v} oT)$,
WHICH, UNDER CERTAIN CONDITIONS, LEADS TO $P = \vec{F} \cooT \vec{v}$. THIS ALLOWS US TO INSTANTLY CALCULATE
THE POWER OUTPUT OF A FORCE AT ANY GIVEN MOMENT, WHICH IS VITAL FOR ANALYZING ENGINES, MOTORS, AND THE
EFFICIENCY OF PHYSICAL PROCESSES.

RoTATIONAL MOTION AND ANGULAR KINEMATICS

JUST AS LINEAR MOTION IS DESCRIBED BY POSITION, VELOCITY, AND ACCELERATION, ROTATIONAL MOTION IS DESCRIBED BY
ANALOGOUS QUANTITIES: ANGULAR POSITION, ANGULAR VELOCITY, AND ANGULAR ACCELERATION. AND, YOU GUESSED IT,
CALCULUS IS INDISPENSABLE FOR UNDERSTANDING THESE. ANGULAR POSITION, OFTEN DENOTED BY $\THETA$, MEASURES THE
ANGLE THROUGH WHICH AN OBJECT HAS ROTATED. ANGULAR VELOCITY, $\OMEGA$, IS THE RATE OF CHANGE OF ANGULAR
posITIoN: $\oMEGA = \FRAC{D\THETA}{DT}$. THIS TELLS US HOW FAST AN OBJECT IS SPINNING.

ANGULAR ACCELERATION, $\ALPHA$, IS THEN THE RATE OF CHANGE OF ANGULAR VELOCITY: $\ALPHA = \FRAC{D\OMEGA}{DT}
= \FRAC{D" 2\ THETAH{DT"2}$. THIS DESCRIBES HOW THE SPINNING SPEED OF AN OBJECT IS CHANGING. FOR EXAMPLE, IF A
MOTOR IS SPEEDING UP A DISK, IT HAS A POSITIVE ANGULAR ACCELERATION. IF IT'S SLOWING DOWN, IT HAS A NEGATIVE
ANGULAR ACCELERATION. THE RELATIONSHIPS BETWEEN THESE QUANTITIES ARE MATHEMATICALLY IDENTICAL TO THOSE IN
LINEAR KINEMATICS, JUST WITH DIFFERENT VARIABLES. THIS MAKES THE TRANSITION TO ROTATIONAL DYNAMICS MUCH
SMOOTHER WHEN YOU HAVE A SOLID GRASP OF CALCULUS.

CONNECTING LINEAR AND ANGULAR MOTION

THERE'S A DIRECT CONNECTION BETWEEN LINEAR MOTION AND ROTATIONAL MOTION. |[F AN OBJECT IS ROTATING, POINTS ON ITS
CIRCUMFERENCE ARE MOVING LINEARLY. FOR A POINT AT A DISTANCE $R$ FROM THE CENTER OF ROTATION, ITS TANGENTIAL
SPEED $V_T$ IS RELATED TO THE ANGULAR SPEED $\OMEGA$ BY $v_T = R\OMEGA$. SIMILARLY, ITS TANGENTIAL
ACCELERATION $A_T$ IS RELATED TO THE ANGULAR ACCELERATION $\ALPHAS BY $A_T = R\ALPHA$. THESE RELATIONSHIPS
ARE DERIVED USING THE DEFINITIONS OF ARC LENGTH ($S = R\THETA$) AND APPLYING CALCULUS. DIFFERENTIATING $S$ WITH
ResPECT To TIME GIVES $\FRAC{DS}HDT} = R\FRAC{D\THETA}{DT}$, WHICH IS $V_T = R\OMEGA$. DIFFERENTIATING AGAIN
cives $\rrac{ov_THoT} = R\FRAC{D\OMEGA DT}, WHICH IS $A_T = R\ALPHAS$. THIS IS A BEAUTIFUL ILLUSTRATION OF
HOW CALCULUS ALLOWS US TO BRIDGE DIFFERENT PHYSICAL DOMAINS.

RoTATIONAL KINEMATIC EQUATIONS

SIMILAR TO LINEAR KINEMATICS, WE CAN DERIVE A SET OF KINEMATIC EQUATIONS FOR CONSTANT ANGULAR ACCELERATION. IF
$\ALPHA$ IS CONSTANT, THEN INTEGRATING $\ALPHA$ WITH RESPECT TO TIME YIELDS:

e $\oMeGa(T) = \omeca_O + \ALPHA T$
o $\THETA(T) = \THeTA_O + \oMeca_O T + \rRAC{ 1}{2}\ALPHA T"2%

e $\oMeca™2 = \omeca_ 072 + 2\ALPHA (\THETA - \THETA_0)$



THESE EQUATIONS ARE DIRECTLY ANALOGOUS TO THEIR LINEAR COUNTERPARTS ($v =v_0 + AT$, $x =x_0+v_OT +
\rRAC{TH23AT"2%, $v"2 = v_0"2 + 2a(x - x_0)$), REINFORCING THE POWER AND CONSISTENCY OF THE CALCULUS-
BASED APPROACH. THESE ARE INVALUABLE TOOLS FOR SOLVING PROBLEMS INVOLVING SPINNING OBJECTS, FROM THE ROTATION
OF PLANETS TO THE GEARS IN MACHINERY.

GRAVITATION: CALcULUS IN CoSMIC INTERACTIONS

THE LAW OF UNIVERSAL GRAVITATION, AS FORMULATED BY NEWTON, DESCRIBES THE ATTRACTIVE FORCE BETWEEN ANY TWO

OBJECTS WITH MASS. |T STATES THAT THE MAGNITUDE OF THIS FORCE IS $F = G\rrac{M_TM_23}{r"2}$, wHere $G$ IS THE

GRAVITATIONAL CONSTANT, $M_ 1% AND $M_2% ARE THE MASSES, AND $R$ IS THE DISTANCE BETWEEN THEIR CENTERS. W/HILE
THIS FORMULA IS FUNDAMENT AL, UNDERSTANDING THE GRAVITATIONAL FORCE EXERTED BY EXTENDED OBJECTS OR CALCULATING
THE PRECISE PATHS OF CELESTIAL BODIES OFTEN REQUIRES MORE ADVANCED APPLICATIONS OF CALCULUS.

ONE OF THE MOST SIGNIFICANT ACHIEVEMENTS OF CALCULUS IN PHYSICS WAS PROVING THAT A SPHERICALLY SYMMETRIC BODY
EXERTS A GRAVITATIONAL FORCE ON AN EXTERNAL OBJECT AS IF ALL ITS MASS WERE CONCENTRATED AT ITS CENTER. THIS IS
KNOWN AS NEWTON'S SHELL THEOREM, AND ITS PROOF INVOLVES INTEGRATING THE GRAVITATIONAL FORCES FROM ALL THE
INFINITESIMAL MASS ELEMENTS OF THE SPHERE. T HIS ELEGANT MATHEMATICAL RESULT SIMPLIFIES MANY ASTRONOMICAL
CALCULATIONS IMMENSELY. W/ ITHOUT CALCULUS, PROVING SUCH THEOREMS ABOUT CONTINUOUS MASS DISTRIBUTIONS WOULD
BE INCREDIBLY CHALLENGING, IF NOT IMPOSSIBLE.

OreITS AND CELESTIAL MECHANICS

CALCULUS IS ABSOLUTELY ESSENTIAL FOR UNDERSTANDING ORBITAL MECHANICS. THE MOTION OF PLANETS AROUND STARS,
MOONS AROUND PLANETS, AND SATELLITES AROUND EARTH ARE ALL GOVERNED BY GRAVITATIONAL FORCES. THESE FORCES ARE
OFTEN NOT CONSTANT,; AS AN OBJECT ORBITS, ITS DISTANCE FROM THE CENTRAL BODY CHANGES. ToO DESCRIBE THESE ORBITS
ACCURATELY, WE NEED TO SOLVE DIFFERENTIAL EQUATIONS THAT INCORPORATE NEWTON'S LAW OF GRAVITATION. THESE
EQUATIONS DESCRIBE HOW THE POSITION AND VELOCITY OF AN ORBITING OBJECT CHANGE OVER TIME, AND THEIR SOLUTIONS
OFTEN INVOLVE COMPLEX FUNCTIONS AND REQUIRE TECHNIQUES FROM DIFFERENTIAL EQUATIONS, A FIELD BUILT DIRECTLY UPON
CALCULUS.

For INSTANCE, UNDERSTANDING WHY ORBITS ARE ELLIPTICAL, PARABOLIC, OR HYPERBOLIC RELIES ON SOLVING THE DIFFERENTIAL
EQUATIONS OF MOTION DERIVED FROM THE GRAVITATIONAL FORCE. FURTHERMORE, ADVANCED TOPICS LIKE CALCULATING THE
PRECISE TRAJECTORIES OF SPACECRAFT, ACCOUNTING FOR THE GRAVITATIONAL PULL OF MULTIPLE CELESTIAL BODIES, OR
UNDERSTANDING THE FORMATION OF GALAXIES ALL DEPEND HEAVILY ON CALCULUS AND ITS EXTENSIONS IN AREAS LIKE VECTOR
CALCULUS AND DIFFERENTIAL EQUATIONS. THE INTRICATE DANCE OF THE COSMOS IS CHOREOGRAPHED BY THE ELEGANT
LANGUAGE OF CALCULUS.

THE JOURNEY THROUGH PHYSICS WITH CALCULUS 1 REVEALS A PROFOUND SYNERGY BETWEEN MATHEMATICS AND THE PHYSICAL
SCIENCES. BY MASTERING THE TOOLS OF DIFFERENTIATION AND INTEGRATION, YOU GAIN THE POWER TO NOT ONLY DESCRIBE
PHYSICAL PHENOMENA WITH REMARKABLE ACCURACY BUT ALSO TO PREDICT AND ANALYZE COMPLEX BEHAVIORS THAT WOULD
OTHERW/ISE REMAIN ELUSIVE. THIS FOUNDATIONAL UNDERSTANDING IS THE GATEWAY TO A DEEPER APPRECIATION OF THE
UNIVERSE AND THE SCIENTIFIC PRINCIPLES THAT GOVERN IT.

FREQUENTLY AsSkeD QUESTIONS

QI WHAT ARE THE MAIN DIFFERENCES BETWEEN INTRODUCTORY PHYSICS WITHOUT
CALCULUS AND PHYSICS WITH CALCULUS 1?

A: INTRODUCTORY PHYSICS WITHOUT CALCULUS TYPICALLY RELIES ON SIMPLIFIED FORMULAS AND ALGEBRAIC MANIPULATIONS,



OFTEN ASSUMING CONSTANT ACCELERATION OR VELOCITY. PHYSICS WITH CALCULUS 1 INTRODUCES THE USE OF DERIVATIVES
AND INTEGRALS TO DESCRIBE CONTINUOUSLY CHANGING QUANTITIES LIKE VELOCITY AND ACCELERATION, ALLOWING FOR MORE
PRECISE ANALYSIS OF MOTION AND FORCES, INCLUDING THOSE THAT VARY OVER TIME OR DISTANCE.

Q: WHY IS CALCULUS CONSIDERED ESSENTIAL FOR UNDERSTANDING NEWTON'S LAWS
OF MOTION?

A: NewToN's seconp LAW, $\vec{F} = \rrac{p\vec{P}}{DT}$, INHERENTLY INVOLVES A RATE OF CHANGE, WHICH IS THE
DOMAIN OF DIFFERENTIAL CALCULUS. WHILE IT SIMPLIFIES TO $\VEC{F} = M\VEC{A}$ FOR CONSTANT MASS, THE FUNDAMENTAL
DEFINITION REQUIRES CALCULUS TO ACCOUNT FOR CHANGING MOMENTUM, CRUCIAL FOR UNDERSTANDING PHENOMENA LIKE
VARIABLE MASS SYSTEMS OR IMPULSE.

QI How DOES CALCULUS HELP IN CALCULATING WORK DONE BY A VARYING FORCE?

A: \WHEN A FORCE IS NOT CONSTANT, THE WORK DONE CANNOT BE CALCULATED BY SIMPLY MULTIPLYING FORCE BY DISTANCE.
CALCULUS ALLOWS US TO USE INTEGRATION TO SUM UP THE INFINITESIMAL AMOUNTS OF WORK DONE BY THE FORCE OVER
SMALL DISPLACEMENTS, RESULTING IN THE INTEGRAL DEFINITION oF Work: $W = \INT \vec{F} \cooT p\vec{r}$.

QZ \WHAT IS THE ROLE OF INTEGRATION IN UNDERSTANDING KINETIC ENERGY CHANGES?

A: THE W/ ORK-ENERGY THEOREM CONNECTS THE NET WORK DONE ON AN OBJECT TO ITS CHANGE IN KINETIC ENERGY ($\DELTA
K$). WHILE THIS CAN BE SHOWN ALGEBRAICALLY FOR CONSTANT FORCES, THE RIGOROUS DERIVATION FOR VARIABLE FORCES
RELIES ON THE CALCULUS DEFINITION OF WORK AND THE RELATIONSHIPS BETWEEN FORCE, ACCELERATION, AND VELOCITY.

QI CAN YOU GIVE AN EXAMPLE OF HOW CALCULUS IS USED IN ROTATIONAL MOTION?

A: IN ROTATIONAL MOTION, ANGULAR VELOCITY ($\OMEGA$) IS THE DERIVATIVE OF ANGULAR POSITION ($\THETA$) WITH
ResPeCT To TIME ($\oMeGA = \FRAC{D\THETA}{DT}$), AND ANGULAR ACCELERATION ($\ALPHA$) IS THE DERIVATIVE OF
ANGULAR VELOCITY ($\ALPHA = \FrAC{D\oMEGA}{DT}$). CALCULUS PROVIDES THE FRAMEWORK TO ANALYZE HOW THESE
QUANTITIES CHANGE AND RELATE TO EACH OTHER, ANALOGOUS TO LINEAR KINEMATICS.

QZ How DOES CALCULUS HELP IN UNDERSTANDING ORBITAL MECHANICS?

A: ORBITAL MECHANICS INVOLVES OBJECTS MOVING UNDER THE INFLUENCE OF GRAVITATIONAL FORCES, WHICH CAN VARY.
CALCULUS IS USED TO SOLVE THE DIFFERENTIAL EQUATIONS THAT DESCRIBE THE MOTION OF CELESTIAL BODIES, ALLOWING
SCIENTISTS TO PREDICT THEIR PATHS AND UNDERSTAND THE PHYSICS BEHIND ORBITS, WHICH ARE OFTEN NOT SIMPLE CIRCLES.

Q: WHAT MATHEMATICAL CONCEPTS FROM CALCULUS ARE MOST IMPORTANT FOR
PHYSICS WITH CALCULUS 1°?

A: THE MOST IMPORTANT CONCEPTS INCLUDE UNDERSTANDING DERIVATIVES (RATES OF CHANGE), INTEGRALS (ACCUMULATION
OF QUANTITIES), AND HOW THEY ARE APPLIED TO FUNCTIONS REPRESENTING PHYSICAL QUANTITIES LIKE POSITION, VELOCITY,
AND FORCE. FAMILIARITY WITH BASIC DIFFERENTIATION AND INTEGRATION RULES IS ESSENTIAL.

Q: IS PHYSICS WITH CALCULUS 1 SIGNIFICANTLY HARDER THAN INTRODUCTORY
PHYSICS WITHOUT CALCULUS?

A: T IS GENERALLY CONSIDERED MORE CHALLENGING DUE TO THE INTRODUCTION OF CALCULUS CONCEPTS. HO\X/EVER/ WITH
DEDICATED STUDY AND PRACTICE, THE INTEGRATION OF CALCULUS PROVIDES A MORE POWERFUL AND COMPREHENSIVE
UNDERSTANDING OF PHYSICS, ULTIMATELY MAKING ADVANCED TOPICS MORE ACCESSIBLE.
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